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 انذوسي انًؤحًش انعهًً انذونً انثاًَ

        يٍ الأصانت الإَغاٍَت إنى آفاق الابخكاس وانذذاثت انعهًٍتانًىعىو: 

 

 بشعاٌت كشًٌت وبئششاف انغادة الأفاضم:

 
 

  .ّْٞ٘ٙزئٞس عبٍؼخ  انًشهذاًَالأعخار انذكخىس أعايت إعًاعٍم 

 زئٞس عبٍؼخ اىسيَٞبّٞخ. الأعخار انذكخىس كىعاس محمد عهً

 .قسطجخزئٞس عبٍؼخ الأعخار انذكخىس وعاو صلاح عبذ انذغٍٍ 

 .ٗاىدزاسبد اىجؾ٘س ٍدٝس ػبً دائسحداحى هزال عبذانذًٍذ الأعخار انذكخىس 

 .اىزؼيٌٞ اىدْٜٝ ٗاىدزاسبد الإسلاٍٞخٍدٝس ػبً دائسح  الأعخار سباح إبشاهٍى آل جعفش

 ػَٞد ميٞخ اثِ خيدُٗ اىغبٍؼخ. الأعخار انذكخىس صانخ عبذ انًهذي انخانذي

 عبٍؼخ اىسيَٞبّٞخ. -ػَٞد ميٞخ الإدازح ٗالاقزصبد  الأعخارة انذكخىسة عىصاٌ صابش دٍذس

  عبٍؼخ قسطجخ. -ػَٞد ميٞخ اىؼيً٘  انذكخىس عهً يهذي كاظى

 زئٞس ٍؤسسخ أعٞبه اىسافدِٝ ىزط٘ٝس اىزؼيٌٞ.انذكخىس علاء ثابج جاعى 

 َؤسسخ أعٞبه اىسافدِٝ ىزط٘ٝس اىزؼيٌٞ.اىَدٝس اىزْفٞرٛ ى تالأعخار انًغاعذ انذكخىس عهً عبىدي َعً

 ٍدٝس ٍسمص ٗػٜ ىلاسزشبزاد ٗثْبء اىقدزاد. م يجٍذ انًذسطانذكخىس أدًذ جًٍ
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 دٌباجت انًؤحًش

اّطلاقبً ٍِ اىدٗز اىَؾ٘زٛ ىيجؾش اىؼيَٜ ّٗشس الأثؾبس اىؼيَٞةخ فةٜ ٍؼبىغةخ اىقاةبٝب اىسإْةخ 

 ٗرقدٌٝ اىؾي٘ه اىَسزقجيٞخ ٗسؼٞبً ّؾ٘ رؼصٝص اىؾة٘از الأمةبدَٜٝ اىجْءةبء ثةِٞ ٍ زيةخ اىز صصةبد 

ٝسسّب أُ ّؼيِ ػِ ػقد ٕرا اىَؤرَس اىؼيَٜ اىدٗىٜ. ٖٝدف اىَؤرَس إىٚ عَغ ّ جخ ٍةِ اىجةبؽضِٞ 

 ٗالأمةةةةةةةبدَِٝٞٞ ٍةةةةةةةِ ٍ زيةةةةةةةخ أّؾةةةةةةةبء اىؼةةةةةةةبىٌ ىزجةةةةةةةبده اىةةةةةةةس ٙ ٗاى جةةةةةةةساد اىؼيَٞةةةةةةةخ 

 ٗاىجؾةةش فةةٜ مٞفٞةةخ اىَصاٗعةةخ ثةةِٞ نالأنةةبىخ الإّسةةبّٞخن اىزةةٜ رَضةةو اىغةةرٗز اىَؼسفٞةةخ اىؼَٞقةةخ 

 اىزةةةةةةةةٜ رفسبةةةةةةةةٖب ٍزطيجةةةةةةةةبد اىؾداصةةةةةةةةخ اىؼيَٞةةةةةةةةخ ٗاىزقْٞةةةةةةةةخ  ٗثةةةةةةةةِٞ نتفةةةةةةةةب  الاثزنةةةةةةةةبزن

 إُ ٕةةةرا اىَؾفةةةو اىؼيَةةةٜ ٝسةةةؼٚ ىزغسةةةٞس اىفغةةة٘ح ثةةةِٞ اىزةةةساس اىَؼسفةةةٜ ٗاىزقْٞةةةبد اىَؼبنةةةسح 

 ى يةةةةةةةةةةع رةةةةةةةةةة٘اشُ ٝةةةةةةةةةةدػٌ اىزَْٞةةةةةةةةةةخ اىَسةةةةةةةةةةزداٍخ ٗٝ٘اعةةةةةةةةةةٔ اىزؾةةةةةةةةةةدٝبد اىؼبىَٞةةةةةةةةةةخ 

 ثَْظةةةةةة٘ز ػيَةةةةةةٜ ٍجزنةةةةةةس ٝاةةةةةةغ الإّسةةةةةةبُ ٗقَٞةةةةةةٔ فةةةةةةٜ نةةةةةةيت اىزطةةةةةة٘ز اىزنْ٘ىةةةةةة٘عٜ.

 

 

 انشاعٍت وانًُظًت نهًؤحًش انجهاث

 ثغةةةةةةداد  –سةةةةةةْٞؼقد اىَةةةةةةؤرَس فةةةةةةٜ زؽةةةةةةبة ميٞةةةةةةخ اثةةةةةةِ خيةةةةةةدُٗ اىغبٍؼةةةةةةخ فةةةةةةٜ اىؼةةةةةةسا  

  عبٍؼةةخ اىسةةيَٞبّٞخ ٗعبٍؼةةخ قسطجةةخ ٗدائةةسح اىجؾةة٘س ٗاىدزاسةةبدٗ ّْٞةة٘ٙعبٍؼةةخ ثبىزؼةةبُٗ ٍةةغ 

إزثةد  –ٗداز ّة٘ز اىؼيةٌ ىيطجبػةخ ٗاىْشةس ٗاىز٘شٝةغ  دائسح اىزؼيٌٞ اىدْٜٝ ٗاىدزاسبد الإسةلاٍٞخٗ

 اىؼقجةةةةةةةةةةةةةةةخ الأزدُ  –الأزدُ ٍٗسمةةةةةةةةةةةةةةةص اى َٞٞةةةةةةةةةةةةةةةبئٜ ىيزةةةةةةةةةةةةةةةدزٝت ٗالاسزشةةةةةةةةةةةةةةةبزاد 

 اىؼةسا   -ٍٗسمص ٗػٜ ىلاسزشةبزاد ٗثْةبء اىقةدزاد ٍٗؤسسةخ أعٞةبه اىسافةدِٝ ىزطة٘ٝس اىزؼيةٌٞ 

 (.( ؽاةةةةةةةةةةةةةة٘زٝبً   ػةةةةةةةةةةةةةةِ ث ؼةةةةةةةةةةةةةةد  أُٗ لاٝةةةةةةةةةةةةةة3232ِ/  8/  32 – 32ىيفزةةةةةةةةةةةةةةسح  
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 انًؤحًشأهذاف 

اسةةزؼساو ٍْٗبقشةةخ أؽةةدس اىدزاسةةبد ٗاىجؾةة٘س اىؼيَٞةةخ اىسنةةْٞخ فةةٜ ٍ زيةةخ ؽقةة٘ه  .1

 اىَؼسفخ ٗاسزضَبز ّزبئغٖب فٜ ٍؼبىغخ اىقابٝب اىَؼبنسح.

إثةةساش اىةةدٗز اىفبػةةو ىيزجةةبده اىَؼسفةةٜ ٗاىَْٖغةةٜ ثةةِٞ ٍ زيةةخ ٍغةةبلاد الاخزصةةب   .3

 خ ٗاسزشساف اىَسزقجو.ٗر٘ظٞفٔ مأداح اسزسارٞغٞخ ىَ٘اعٖخ اىزؾدٝبد اىؼبىَٞخ اىسإْ

رشةةغٞغ اىجةةبؽضِٞ ػيةةٚ إعةةساء اىدزاسةةبد اىجْٞٞةةخ ٗاىَزنبٍيةةخ ٗر٘ظٞةةخ رنبٍةةو اىؼيةةً٘  .2

اىزطجٞقٞةةخ ٍةةغ اىز صصةةبد الأخةةسٙس ثٖةةدف مسةةس اىؼصىةةخ ثةةِٞ اىؼيةةً٘ ٗإّزةةبط ٍؼسفةةخ 

 ٍجزنسح رقدً ؽي٘لاً ػَيٞخ ىيَشنلاد اىَؼقدح.

برٌٖ اىفنسٝةخ ٗأثؾةبصٌٖ الأنةٞيخ ر٘فٞس ثٞئةخ ػيَٞةخ رفبػيٞةخ زنةْٞخ ىيجةبؽضِٞ ىْشةس ّزبعة .2

 ذاد اىقَٞخ اىَابفخ ٗالازرقبء ثٖب ٗفقبً ىَؼبٝٞس ع٘دح اىْشس اىؼبىَٜ.

ٍد عس٘ز اىز٘انو اىفؼءبه ٗاىزؼبُٗ اىَشزسك ثِٞ اىَؤسسبد الأمبدَٝٞخ ٗاىجؾضٞخ ػيةٚ  .5

 اىصؼٞدِٝ اىَؾيٜ ٗاىدٗىٜ ٗرأسٞس شجنبد ثؾضٞخ ٍسزداٍخ ىزجبده اى جساد ٗاىس ٙ.

ثس ٙ ٗر٘نٞبد ػيَٞخ ٗػَيٞخ قبثيخ ىيزطجٞع رسٌٖ فةٜ زفةد ٍؤسسةبد اىدٗىةخ اى سٗط  .2

 ٗاىَغزَغ ثبىؾي٘ه اىْبعؼخ ٗردػٌ نْبع اىقساز فٜ زسٌ اىسٞبسبد اىؼبٍخ.
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 يذاوس انًؤحًش

 اىؼيً٘ اىقبّّ٘ٞخ ٗاىسٞبسٞخ. .1

 اىؼيً٘ الإدازٝخ ٗالاقزصبدٝخ. .3

 الإّسبّٞخ ٗاىؼيً٘ الإسلاٍٞخ ٗؽ٘از اىؾابزاد. اىدزاسبد .2

 الإػلاً ٗالارصبه ٗرنْ٘ى٘عٞب اىَؼيٍ٘بد اىسقَٞخ. .2

 اىغغسافٞب ٗاىزبزٝخ ٗاىدزاسبد اىزساصٞخ ٗاىسٞبؽٞخ. .5

 اىؼيً٘ اىزسث٘ٝخ ٗاىْفسٞخ ٗالاعزَبػٞخ ٗاىفيسفٞخ ٗطسائع اىزدزٝس. .2

 اىيغبد ٗاٟداة ٗاىزسعَخ. .7

 اىزصٌَٞ ٗاىغَبىٞبد.اىفُْ٘ اىغَٞيخ ٗفيسفخ  .8

  اىزسثٞخ اىجدّٞخ ٗػيً٘ اىسٝببخ. .9

 ػيً٘ اىؾبسجبد ٗاىؼيً٘ اىصسفخ ٗاىرمبء الانطْبػٜ ٗاىدزاسبد اىجْٞٞخ. .12

 رنبٍو اىؼيً٘ اىزطجٞقٞخ ٍغ اىؼيً٘ الإّسبّٞخ ٗالاعزَبػٞخ ٗاىزقْٞخ. .11

 تفب  اىجؾش اىؼيَٜ ٗالاثزنبز اىَؼسفٜ فٜ ٍ زيخ اىز صصبد اىؼيَٞخ. .13
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 انًشاسكت وانُششضىابط 

 ٝغت أُ رزَبشٚ اىجؾ٘س ٍغ ٍْٖغٞخ اىجؾش اىؼيَٜ اىَزؼبزف ػيٖٞب. .1

 ألا ٝنُ٘ اىجؾش قد ّ شس سبثقبً أٗ ػ سو فٜ ٍؤرَس تخس. .3

ٝ شةزسط فةٜ اىجؾةش اىَقةدً أُ ٝنةُ٘ ٗ ر قجو اىجؾ٘س ثةبىيغزِٞ اىؼسثٞةخ أٗ الإّغيٞصٝةخ .2

 ٍغ إزسبىٔ ىيَؤرَس. أنٞلاً ٗىٌ ٝسجع ّشسٓ أٗ رقدَٝٔ لأٛ عٖخ أخسٙ ثبىزصاٍِ

قدٍةةةخ ىفؾةةةلا ٍجةةةدئٜ ىْسةةةجخ الاسةةةزلاه ػجةةةس ثسّةةةبٍظ  .2  َ ر اةةةغ عَٞةةةغ الأثؾةةةبس اى

 Turnitin ِ32( ٗٝغت ألا رصٝد ّسجخ الاسزلاه ػ%. 

 ٝغةةةت أُ رزاةةةَِ ٗاعٖةةةخ اىجؾةةةش ثةةةبىيغزِٞ اىؼسثٞةةةخ ٗالإّغيٞصٝةةةخ ػْةةة٘اُ اىجؾةةةش  .5

 ٗأسةةةةةَبء اىجةةةةةبؽضِٞ ٗالاّزسةةةةةبة اىَؤسسةةةةةٜ  اىقسةةةةةٌ اىنيٞةةةةةخ اىغبٍؼةةةةةخ اىجيةةةةةد( 

 ٗاىجسٝد الإىنزسّٜٗ.

 352ٝغت أُ ٝزاَِ اىجؾش ٍي صبً ٗافٞبً ثبىيغزِٞ اىؼسثٞخ ٗالإّغيٞصٝخ فٜ ؽةدٗد  .2

 ميَبد. 5ٗلا رصٝد ػِ  2ميَخ رزجؼٔ ٍجبشسح ميَبد ٍفزبؽٞخ لا رقو ػِ 

  12( ٗٝنةةُ٘ ؽغةةٌ خةة  اىَةةزِ Times New Romanٝ سةةز دً ّةة٘ع اى ةة    .7

 .1.5ّٗسجخ اىزجبػد ثِٞ الأسطس 

ٝ شةةزسط اىزةةصاً اىجةةبؽضِٞ ثق٘اػةةد اىز٘صٞةةع اىؼيَةةٜ فةةٜ اىَةةزِ ٗإػةةداد قبئَةةخ اىَساعةةغ  .8

 (APAاىْٖبئٞخ ٗفقبً ىْظبً  

ٍِ اىاسٗزٛ الاىزصاً اىزبً ثبىسلاٍخ اىيغ٘ٝخ ٗخية٘ اىةْلا ٍةِ الأخطةبء الإٍلائٞةخ  .9

 زنْٞخ ٗسيَٞخ رَبٍبً.ٗاىْؾ٘ٝخ ىزنُ٘ ىغخ اىجؾش 

ر سسةةو اىَي صةةبد اىجؾضٞةةخ ىيَشةةبزمخ سةة٘اء مةةبُ اىجبؽةةش ْٝةة٘ٛ اىْشةةس أٗ الامزفةةبء  .12

  ثبىَشبزمخ فق  ػيٚ أُ رزاَِ اىصفؾخ الأٗىٚ ثٞبّبد اىجبؽش مبٍيخ.
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 سعىو انًشاسكت

 : ٍدْٝةةةبز ػساقةةةٜ  ثةةةدُٗ ّشةةةس ثؾةةةش(. 75,000 سعوووىو انًشووواسكت يأوٌ لاٌووو 
 

 :  دْٝةةةبز ػساقةةةٜ  ثةةةدُٗ ّشةةةس ثؾةةةش(. 100,000 سعوووىو انًشووواسكت يد(وووىسٌا 
 

 دْٝةةبز  100,000  :دغوور سةبووت انبادووخ ونووٍظ اجبوواسي َشووش انبذووخ ياخخٍوواسي

رابف إىٚ زسً٘ اىَشبزمخ أػلآ ٗٝزٌ اىْشس فٜ مزبة اى٘قبئغ اىرٛ ٝؾَو رسقَٞةبً 

 ( أٗ فةةٜ اىَغةةلاد اىؼيَٞةةخ اىَؾنَةةخ.DOI( ٍٗؼسفةةبً زقَٞةةبً دٗىٞةةبً  ISBNدٗىٞةةبً  
 

 اىَشةةةةبزمخ ٍصاٝةةةةب  ثْةةةةد فةةةةٜ اىةةةة٘ازدح اىَةةةةؤرَس ٗاٍزٞةةةةبشاد ٍصاٝةةةةب مبفةةةةخ رَةةةةْؼ ) 

  اىَشةةةةةةةبزمخ مبّةةةةةةةذ سةةةةةةة٘اء اسةةةةةةةزضْبء دُٗ ٗاىجةةةةةةةبؽضِٞ اىَشةةةةةةةبزمِٞ ىغَٞةةةةةةةغ

ً   اىَشبزمخ مبّذ ٗس٘اء( ثؾش ّشس ثدُٗ أٗ ثؾش ثْشس   .لاِٝ( أُٗ أٗ ؽا٘زٝب

 

 انًلادظاث

    ًػِ ث ؼد  أُٗ لاِٝ(.سز ؼقد مو ٍِ عيسخ الافززبػ ٗاىغيسبد اىجؾضٞخ ؽا٘زٝب 

  سززاَِ شٖبدح اىَشبزمخ إشبزح إىٚ أُ اىَؤرَس ٝ ؼقةد ثشةنو دٗزٛ ٗسةٞ رمس فٖٞةب

 ىغَٞةةةةةغ اىَشةةةةةبزمِٞ  ؽاةةةةة٘زٝبً( ٗأُ اىجبؽةةةةةش أىقةةةةةٚ اىجؾةةةةةش فةةةةةٜ اىَةةةةةؤرَس.
 

  )رةةةةةزٌ ػَيٞةةةةةخ ّشةةةةةس اىجؾةةةةة٘س اىَقج٘ىةةةةةخ فةةةةةٜ  ٍغيةةةةةخ اىجؾةةةةة٘س ٗاىدزاسةةةةةبد 

ثخ اىجبؽضِٞ ىيدزاسةبد ٗالأثؾةبس( أٗ  ٍغيخ ز ٝخ ىيؼيً٘ الاعزَبػٞخ( أٗ  ٍغيخ ث٘ا

 ( ISBNأٗ  مزةةةةةةةبة ٗقةةةةةةةبئغ اىَةةةةةةةؤرَس اىَؼزَةةةةةةةد دٗىٞةةةةةةةبً ٗاىَةةةةةةةصٗد ثزةةةةةةةسقٌٞ 

 ٗذىةةةةةةةل ؽسةةةةةةةت زتجةةةةةةةخ اىجبؽةةةةةةةش ٗاسةةةةةةةزٞفبء اىجؾةةةةةةةش ىيشةةةةةةةسٗط اىؼيَٞةةةةةةةخ.
 

 اىَشةةةةبزمخ ٍصاٝةةةةب  ثْةةةةد فةةةةٜ اىةةةة٘ازدح اىَةةةةؤرَس ٗاٍزٞةةةةبشاد ٍصاٝةةةةب مبفةةةةخ رَةةةةْؼ ) 

  اىَشةةةةةةةبزمخ مبّةةةةةةةذ سةةةةةةة٘اء اسةةةةةةةزضْبء دُٗ ٗاىجةةةةةةةبؽضِٞ اىَشةةةةةةةبزمِٞ ىغَٞةةةةةةةغ

ً   اىَشبزمخ مبّذ ٗس٘اء( ثؾش ّشس ثدُٗ أٗ ثؾش ثْشس   (.لاِٝ أُٗ أٗ ؽا٘زٝب
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 انًىاعٍذ انًهًت

  :3232/  8/  12تخس ٍ٘ػد لاسزلاً اىَشبزمبد ٗاىَي صبد ٗاىجؾ٘س مبٍيخ. 

  :3232/  8/  32 – 32ٍ٘ػد اّؼقبد اىَؤرَس. 

 

 

 يضاٌا انًشاسكت

 اىغٖبد اىَشبزمخ فٜ اىَؤرَس. اىؾص٘ه ػيٚ شٖبدح ٍشبزمخ ٍصدقخ ٍِ 

  .أٍس إدازٛ ثَْؼ شٖبداد اىَشبزمخ فٜ اىَؤرَس 

 .أٍس إدازٛ ثَْؼ شٖبدح ٍشبزمخ ثبىؾا٘ز فٜ اىَؤرَس 

 .ِٞرقدٌٝ مزبة شنس ٗرقدٝس ىيجبؽضِٞ ٗاىَشبزم 

 .ٜندٗز أٍس إدازٛ ثَْؼ ٗسبً الإثداع اىؼيَٜ اىدٗى 

 زطةةةةةة٘ٝس اىزؼيةةةةةةٌٞ ٍةةةةةةْؼ شةةةةةةٖبدح ػاةةةةةة٘ٝخ ٍةةةةةةِ ٍؤسسةةةةةةخ أعٞةةةةةةبه اىسافةةةةةةدِٝ ى 

 ٕٗةةةةةٜ ٍؤسسةةةةةخ ٍغةةةةةبشح ٍةةةةةِ الأٍبّةةةةةخ اىؼبٍةةةةةخ ىَغيةةةةةس اىةةةةة٘شزاء اىؼساقٞةةةةةخ.
 

  ًإربؽةةةخ ؽاةةة٘ز اىةةةدٗزاد ٗاىْةةةدٗاد ٗاىةةة٘زل اىزةةةٜ رْظَٖةةةب اىَؤسسةةةخ ٍغبّةةةب 

 ىَدح ػبً ٍغ ٍْؼ شٖبدح ٍشبزمخ ػِ مو ّشبط.

 

 

 نهًشاسكت وانخىاصم يعُا

   :ّٜٗػجس اىجسٝد الإىنزسIkh.conference@gmail.com  

  :229227879857223ٝسعٚ اىَساسيخ ػيٚ زقٌ اى٘ارسبة 
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 التحليل العددي لانتقال الحرارة أثناء تغير الطور باستخدام شبكة ثابتة 

 (1)حسين فاضل سالم 

 Hussainfadhil35@gmail.com , مديرية تربية ذي قار , وزارة التربية , العراق  

 الملخص 

 )مسللا ل سللتي ال( اللل  تتسلل  بللايمثلل انتاللالح الحللرارة مللل ترلل  الاللور   المللوال فلحللة ملن مسللا ل الحللدول المت ر للة 

خايللة يللديدة  يلللحة صللن امترللال الحللرارة الكامرللة وصللدم اسللتمرارية اررللا   ال يزذ يللة الحراريللة  تاللدم  لل   

الورقة بحثاً صدلذً لقيااً أحالي البعد لظا رة الانرهار   الموال متر ة الاور باستخدام طرياة ال روق المحدولة 

كة حاسوبية ثابتة  ولتمثيل السلا  البيلب بلين الالور الرللس والسلا ل المت لر  لول الرريحة المراغة صلى يب

تشللويا الشللبكةد ج لمللة تاريللة ترعللي  السللعة الحراريللة ال عالللة مللل اللوذي للتوصلليلية الحراريللة يعتمللد صلللى لر للة 

لكاسللليكية الحلللرارة  ج الت الللح ملللن صللل ة المخالللا العلللدلي ماابلللل الحلللل الت ليللللي اللللدقيح لمسللل لة سلللتي ال ا

أحاليلة الاللورد حيلث ج حللل المعاللللة المتسلامية اللل  لكل  معامللل التشللابا بدقلة  ج إ للراء لليلل لتاللور ارالل  

لتايي  ترا   ارال  رلرور الوقلتم وج قيلاد معلدلح التالارر التتلرير  تنظهلر الرتلا ة أل إلراي التوصليلية الحراريلة 

% 1 1بشللكل  بلل د حيللث ياللدم خالل  نسللبياً متوسللااً أقللل مللن المعتمللدة صلللى الاللور يحسللن الدقللة ال يزذ يللة 

صلن حساسللية صاليلة للرق  سللتي ال وصلر  فاصللل  البلارا مللتريماارنلة رواقلل الوا هللة الدقيالة  يكشللي الت ليلل 

الانتالللالح الالللوري المختلللارد ولللا يحلللدل حلللدولاً صمليلللة لاسلللتارار العلللدلي والتالللارر  ج قيلللاد مايلللاد التكل لللة 

رتبلة الثالثلة لعلدل نالاش الشلبكةد وتملتم مراقشلة حلدول افلترا  التوصليل الحلراري الرالي بشللكل الحاسلوبية ملن ال

 .نادي
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Numerical Analysis of Phase Change Heat Transfer Using a 

Fixed Grid 
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Abstract 

Phase change heat transfer in materials presents a class of moving-

boundary problems (Stefan problems) characterized by strong 

nonlinearities arising from latent heat absorption and discontinuous 

thermophysical properties. This paper presents a rigorous one-

dimensional numerical investigation of melting in Phase Change 

Materials (PCMs) using an explicit Finite Difference Method (FDM) 

formulated on a fixed grid. To capture the moving solid-liquid 

interface without mesh deformation, an Effective Heat Capacity 

(𝐶eff) smoothing technique is coupled with a temperature-dependent 

thermal conductivity model 𝑘(𝑇). The numerical scheme is 

validated against the exact analytical solution of the classical one-

phase Stefan problem, wherein the transcendental equation 

governing the similarity parameter 𝜆 is solved precisely. An error 
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evolution analysis is carried out to evaluate the error accumulation 

over time and the empirical convergence rate is quantified. Results 

show that the inclusion of phase-dependent thermal conductivity 

significantly improves the physical fidelity, providing an average 

relative error lower than 1.1% with respect to the exact interface 

positions. Parametric analysis reveals high sensitivity to the Stefan 

number (Ste) and the chosen phase transition interval width (Δ𝑇𝑚), 

establishing practical bounds for numerical stability and convergence. 

The computational cost scaling 𝒪(𝑁𝑥3) is quantified, and the 

limitations of the pure conduction assumption are critically 

discussed. 

Keywords: Phase Change Materials; Stefan problem; Finite 

difference method; Effective heat capacity; Variable thermal 

conductivity; Moving boundary; Natural convection; Convergence 

rate. 

 

1. Introduction 

1.1 Background and Motivation 

Phase Change Materials (PCMs) have emerged as enabling 

components in modern thermal engineering, particularly for 
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Latent Heat Thermal Energy Storage (LHTES) systems. PCMs 

can absorb or release a large amount of thermal energy during 

near-isothermal solid-liquid phase transitions, providing energy 

storage densities much higher than conventional sensible heat 

storage materials. This property has led to the deployment of 

PCMs in diverse applications, including energy-efficient building 

envelopes, thermal management of electronic devices, solar 

thermal collectors, and battery thermal management systems 

([9],[10]). 

However, the design and optimization of such systems are 

critically dependent on the availability of accurate predictive 

models that are capable of capturing the transient thermal 

behavior of PCMs during melting or solidification. 

1.2 Mathematical Challenges in Phase Change Modeling  

           The numerical modeling of phase change processes is a 

challenging task because of the interplay of several coupled 

physical phenomena: Moving Interface The interface separating 

solid and liquid phases, denoted as s(t), moves dynamically in 

time. The rate of its propagation is governed by the net heat flux 

arriving at the interface. 

Discontinuous Properties: Thermophysical properties (especially 
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specific heat capacity 𝐶𝑝  and thermal conductivity k) show 

abrupt changes across the interface. In many PCMs, the thermal 

conductivity of the liquid phase is considerably lower than that of 

the solid phase. 

Inherent nonlinearity: The energy balance at the melting front 

imposes a strongly nonlinear boundary constraint, known as the 

Stefan condition, which excludes closed-form analytical 

solutions, except for the simplest semi-infinite geometries with 

constant properties. 

1.3 Literature Review and Research Gap  

The numerical modeling of PCM has advanced significantly in 

the last decade. Recent advances include adaptive mesh 

refinement techniques (Zhang et al., 2022), machine learning for 

property prediction (Chen et al., 2024), and coupled multiphysics 

frameworks (Kumar & Singh, 2023). In the area of effective heat 

capacity methods, important contributions include optimal 

smoothing strategies (Li et al., 2021), convergence analysis (Patel 

& Jensen, 2022), and extension to anisotropic materials 

(Rodriguez et al., 2023). 

However, several gaps persist. First, the choice of smoothing 

function for 𝐶eff(𝑇)— whether linear, sinusoidal, or Gaussian — 
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remains largely arbitrary in many studies without rigorous 

justification. Second, the computational cost implications of 

explicit schemes under the CFL constraint are rarely quantified 

with concrete numbers. Third, continuous error evolution 

analysis over the entire simulation horizon is frequently omitted 

in favor of sparse point-wise validation. The present study 

addresses these gaps systematically. 

1.4 Research Objectives 

The present study aims to overcome the limitations of simplified 

numerical models by addressing the following objectives: 

1. Formulate a generalized one-dimensional transient heat 

conduction model that explicitly accommodates phase-

dependent variations in both effective specific heat 

capacity 𝐶eff(𝑇) and thermal conductivity 𝑘(𝑇) [7]. 

2. Implement a robust, fixed-grid explicit Finite Difference 

Method (FDM) scheme capable of capturing phase front 

dynamics without explicit interface tracking. 

3. Validate the numerical predictions against the exact 

mathematical solution of the one-phase Stefan problem by 
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rigorously solving the transcendental equation for the interface 

constant 𝜆, including continuous error evolution analysis. 

4. Quantify the effects of discretization parameters (grid size, 

time step) and thermophysical variables (Stefan number, 

transition interval width) on numerical accuracy, stability, 

convergence rate, and computational cost. 

5. Critically assess the limitations of the pure conduction 

assumption and discuss the regime where natural convection 

becomes significant. 

1.5 Scope and Assumptions 

The analysis is subject to the following simplifying assumptions: 

• Spatial discretization is restricted to a one-dimensional (1D) 

Cartesian domain. 

• The PCM is assumed to be chemically pure, isotropic, and 

homogeneous, with a distinct equilibrium melting 

temperature 𝑇𝑚. 

• Volumetric expansion or contraction during phase change is 

neglected, implying equal densities in solid and liquid phases 

(𝜌𝑠 = 𝜌𝑙 = 𝜌). 
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• Convective heat transfer within the liquid phase is 

neglected as a baseline assumption. This is appropriate 

for: (i) validation against the classical Stefan solution (which 

assumes pure conduction), (ii) configurations with small 

liquid-layer thickness where the Rayleigh number Ra < 103, 

and (iii) microgravity applications. However, Section 4.8 

critically discusses the limitations of this assumption and 

quantifies the regime where natural convection becomes non-

negligible (Ra > 104), following the criteria established by 

Incropera et al. [8]. 

 

2. Theoretical Framework 

2.1 The Classical Stefan Problem 

The two-phase Stefan problem [1] describes transient heat 

conduction in the solid (𝑠) and liquid (𝑙) regions. The governing 

partial differential equations (PDEs) are: 

𝜌𝐶𝑝𝑠
∂𝑇𝑠
∂𝑡

=
∂

∂𝑥
(𝑘𝑠

∂𝑇𝑠
∂𝑥
) , 0 < 𝑥 < 𝑠(𝑡) 

𝜌𝐶𝑝𝑙
∂𝑇𝑙
∂𝑡

=
∂

∂𝑥
(𝑘𝑙

∂𝑇𝑙
∂𝑥
) , 𝑠(𝑡) < 𝑥 < 𝐿𝑥  
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At the moving interface 𝑥 = 𝑠(𝑡), temperature continuity must hold 

alongside the energy conservation condition — the Stefan 

condition: 

𝑇𝑠(𝑠(𝑡), 𝑡) = 𝑇𝑙(𝑠(𝑡), 𝑡) = 𝑇𝑚 

𝑘𝑠
∂𝑇𝑠
∂𝑥

∣𝑥=𝑠(𝑡)− 𝑘𝑙
∂𝑇𝑙
∂𝑥

∣𝑥=𝑠(𝑡)= 𝜌𝐿
𝑑𝑠(𝑡)

𝑑𝑡
 

 

Here, 𝐿 denotes the latent heat of fusion (J/kg), and 𝑠(𝑡) is the 

instantaneous position of the phase front. 

2.2 Fixed-Grid Methods: Enthalpy and Effective Heat 

Capacity 

Numerical approaches for phase change problems are broadly 

classified into interface-tracking (moving mesh) and fixed-grid 

methods. Interface-tracking schemes offer high local resolution but 

suffer from significant computational complexity, particularly when 

extended to two or three dimensions. 

Fixed-grid methods — including the enthalpy method and 

the effective heat capacity method [4] — absorb the latent heat 

constraint directly into the governing energy equation, eliminating 

the need to explicitly track the interface. 
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The effective heat capacity approach replaces the localized latent 

heat singularity with a temperature-dependent heat capacity 

distributed over a narrow artificial phase-change window [𝑇𝑚 −

Δ𝑇𝑚, 𝑇𝑚 + Δ𝑇𝑚]. The method is conceptually straightforward to 

implement within existing heat conduction codes. 

2.3 The Need for Variable Conductivity Models 

Early analytical work on the Stefan problem assumed constant 

thermal conductivities. However, many PCMs — particularly 

organic paraffins — exhibit significantly different conductivities in 

solid and liquid phases, with 𝑘𝑙 often 30–50% lower than 𝑘𝑠 (Al-

Saadi & Zhai, 2013). As the liquid layer grows, it acts as an increasing 

thermal resistance. Neglecting this difference leads to systematic 

overestimation of heat transfer rates and thus faster predicted 

melting. This paper addresses this gap by formulating a fully phase-

dependent 𝑘(𝑇) function. 

2.4 The Role of Natural Convection in PCM Melting 

For terrestrial applications with characteristic lengths greater than 

about 10 mm buoyancy-driven convection [5] in the liquid phase 

can play a significant role in the melting dynamics [11]. The relative 
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importance of natural convection is expressed by the Rayleigh 

number:  

Ra =
𝑔𝛽Δ𝑇𝐻3

𝜈𝛼
 

where 𝑔 is the gravitational acceleration, 𝛽 the thermal expansion 

coefficient, Δ𝑇 the temperature difference, H the characteristic 

height, 𝜈 the kinematic viscosity and 𝛼 the thermal diffusivity. 

For Ra > 104, convection dominates over conduction (Incropera et 

al., 2007). While the present model assumes pure conduction (valid 

for validation against Stefan's solution and for small-scale or 

microgravity applications), Section 4.8 provides quantitative criteria 

for when convection must be included. 

 

 

3. Mathematical Formulation and Numerical Methodology 

3.1 Continuous Thermophysical Property Smoothing: 

Mathematical Justification 

To model a pure PCM on a fixed grid, the sharp phase change 

singularity must be regularized. The present work adopts the 
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effective heat capacity method, wherein the latent heat is distributed 

over an artificial temperature interval of width 2Δ𝑇𝑚 centered at 𝑇𝑚. 

3.1.1 Candidate Smoothing Functions 

Four candidate smoothing functions for 𝐶eff(𝑇) within [𝑇𝑚 −

Δ𝑇𝑚, 𝑇𝑚 + Δ𝑇𝑚] are considered: 

1. Piecewise linear (baseline): 

𝐶eff(𝑇) = 𝐶̄𝑝 +
𝐿

2Δ𝑇𝑚
 

2. Sinusoidal: 

𝐶eff(𝑇) = 𝐶̄𝑝 +
𝜋𝐿

4Δ𝑇𝑚
cos⁡ (

𝜋(𝑇 − 𝑇𝑚)

2Δ𝑇𝑚
) 

3. Gaussian: 

𝐶eff(𝑇) = 𝐶̄𝑝 +
𝐿

√2𝜋Δ𝑇𝑚
exp⁡ ( −

(𝑇 − 𝑇𝑚)
2

2Δ𝑇𝑚
2 ) 

4. Quadratic: 

𝐶eff(𝑇) = 𝐶̄𝑝 +
3𝐿

4Δ𝑇𝑚
(1−(

𝑇 − 𝑇𝑚
Δ𝑇𝑚

)
2

) 

where 𝐶̄𝑝 = (𝐶𝑝𝑠 + 𝐶𝑝𝑙)/2. Each function satisfies the integral 

constraint: 

∫ 𝐶eff

𝑇𝑚+Δ𝑇𝑚

𝑇𝑚−Δ𝑇𝑚

(𝑇) 𝑑𝑇 = 2𝐶̄𝑝Δ𝑇𝑚 + 𝐿 
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3.1.2 Justification for Piecewise Linear Choice 

While sinusoidal or Gaussian smoothing yields continuous first 

derivatives (superior for gradient-based optimization), the piecewise 

linear function is adopted in this work for the following reasons: 

• Exact integral satisfaction: The linear function distributes 

the latent heat 𝐿 exactly, whereas Gaussian smoothing over a 

finite 3𝜎 interval captures only ≈ 99.7% of 𝐿, introducing a 

systematic bias. 

• Minimal parameter tuning: Gaussian smoothing introduces 

an additional parameter (standard deviation 𝜎 vs. Δ𝑇𝑚), 

increasing model complexity without physical justification. 

• Computational efficiency: The linear function avoids 

transcendental evaluations (exp⁡, cos⁡, \erf), reducing per-

time-step overhead by approximately 15–20%. 

• Benchmark compatibility: The majority of fixed-grid 

PCM literature employs piecewise linear smoothing [4],[12] 

facilitating direct comparison. 

3.1.3 Limitation: Discontinuous First Derivative 
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A recognized shortcoming of the piecewise linear approach is the 

discontinuity of 𝑑𝐶eff/𝑑𝑇 (and consequently 𝑑2𝑇/𝑑𝑥2 in the heat 

equation) at 𝑇 = 𝑇𝑚 ± Δ𝑇𝑚. This can produce spurious oscillations 

for very narrow transition intervals. Section 4.7 quantitatively 

evaluates this effect and demonstrates that for Δ𝑇𝑚 ≥ 0.5 K, 

oscillations remain below 0.1 K — negligible for engineering 

applications. 

3.1.4 Selection Criterion for 𝚫𝑻𝒎 

Following Voller (1996), Δ𝑇𝑚 should satisfy: 

Δ𝑇𝑚 ≥
Δ𝑥 ⋅∣ ∇𝑇 ∣max

2
 

 

For the baseline parameters, ∣ ∇𝑇 ∣max≈ (𝑇𝑤 − 𝑇𝑚)/min⁡(𝑠(𝑡)) ≈

15/0.0035 ≈ 4286 K/m. With Δ𝑥 = 0.34 mm, this yields Δ𝑇𝑚 ≥

0.73 K. The chosen value Δ𝑇𝑚 = 0.5 K slightly underestimates this 

bound, representing a compromise between physical fidelity 

(narrower is better) and numerical smoothness (wider is better). 

Section 4.7 demonstrates that this choice remains stable. 

3.1.5 Final Property Definitions 

The effective specific heat capacity 𝐶eff(𝑇) is expressed as: 
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𝐶eff(𝑇) =

{
 
 

 
 𝐶𝑝𝑠, 𝑇 < 𝑇𝑚 − Δ𝑇𝑚
𝐶𝑝𝑠 + 𝐶𝑝𝑙

2
+

𝐿

2Δ𝑇𝑚
, 𝑇𝑚 − Δ𝑇𝑚 ≤ 𝑇 ≤ 𝑇𝑚 + Δ𝑇𝑚

𝐶𝑝𝑙 , 𝑇 > 𝑇𝑚 + Δ𝑇𝑚

 

 

Crucially, and in contrast to many earlier fixed-grid 

implementations, the thermal conductivity 𝑘(𝑇) is also treated as a 

phase-dependent, piecewise-continuous function: 

𝑘(𝑇) = {

𝑘𝑠, 𝑇 < 𝑇𝑚 − Δ𝑇𝑚
𝑘𝑠 + 𝑘𝑙
2

, 𝑇𝑚 − Δ𝑇𝑚 ≤ 𝑇 ≤ 𝑇𝑚 + Δ𝑇𝑚

𝑘𝑙 , 𝑇 > 𝑇𝑚 + Δ𝑇𝑚

 

 

The unified governing equation for the entire spatial domain then 

reads: 

𝜌𝐶eff(𝑇)
∂𝑇

∂𝑡
=
∂

∂𝑥
(𝑘(𝑇)

∂𝑇

∂𝑥
) 

 

3.2 Finite Difference Discretization: Accuracy and 

Justification 

The spatial domain [0, 𝐿𝑥] is discretized into 𝑁 equally spaced nodes 

with spacing Δ𝑥 = 𝐿𝑥/(𝑁 − 1). Time discretization employs fixed 
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steps Δ𝑡. A forward-time central-space (FTCS) explicit scheme is 

adopted. 

3.2.1 Order of Accuracy and Its Implications 

The FTCS scheme is first-order accurate in time (𝒪(Δ𝑡)) and 

second-order accurate in space (𝒪(Δ𝑥2)). The local truncation error 

(LTE) derived via Taylor series expansion is: 

LTE =
Δ𝑡

2

∂2𝑇

∂𝑡2
−
Δ𝑥2

12

∂4𝑇

∂𝑥4
+ 𝒪(Δ𝑡2, Δ𝑥4) 

 

While first-order temporal accuracy is modest by contemporary 

standards, its acceptance in phase change modeling rests on three 

justifications: 

1. Physical problem characteristics: The moving interface 

follows 𝑠(𝑡) ∝ √𝑡, implying diminishing temporal 

derivatives ∂𝑇/ ∂𝑡 ∼ 𝑡−1/2. The temporal stiffness decreases 

with time, mitigating error accumulation. 

2. Dominance of spatial error: Under the stability 

constraint Δ𝑡 = 𝒪(Δ𝑥2), the temporal error 𝒪(Δ𝑡) and spatial 

error 𝒪(Δ𝑥2) are of comparable order. For the grid 
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resolutions employed (Δ𝑥 = 0.34 mm), systematic verification 

in Section 4.6 confirms spatial error dominance. 

3. Reproducibility and transparency: The explicit scheme 

enables complete analytical derivation of the stability criterion 

and contains no iterative solvers, facilitating code verification 

by readers. 

3.2.2 Treatment of Variable Conductivity: Arithmetic vs. 

Harmonic Mean 

To correctly handle variable conductivity, the heat flux divergence 

at node 𝑖 must account for conductivities evaluated at the cell 

interfaces 𝑖 ± 1/2. A conservative mid-point formulation is 

employed: 

𝜌𝐶eff(𝑇𝑖
𝑛)
𝑇𝑖
𝑛+1 − 𝑇𝑖

𝑛

Δ𝑡

=
1

Δ𝑥
[𝑘𝑖+1/2

𝑛 (
𝑇𝑖+1
𝑛 − 𝑇𝑖

𝑛

Δ𝑥 )−𝑘𝑖−1/2
𝑛 (

𝑇𝑖
𝑛 − 𝑇𝑖−1

𝑛

Δ𝑥 )] 

 

Justification for arithmetic mean: The interface conductivities 

are evaluated using the arithmetic mean: 

𝑘𝑖+1/2
𝑛 =

𝑘(𝑇𝑖
𝑛) + 𝑘(𝑇𝑖+1

𝑛 )

2
, 𝑘𝑖−1/2
𝑛 =

𝑘(𝑇𝑖
𝑛) + 𝑘(𝑇𝑖−1

𝑛 )

2
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While the harmonic mean (𝑘harm = 2/(1/𝑘𝑖 + 1/𝑘𝑖+1)) is 

theoretically superior for steady-state heat transfer across sharp 

interfaces (as it exactly represents series thermal resistances), the 

arithmetic mean [6] is adopted here for three reasons: 

• Consistency with 𝐶eff smoothing: The arithmetic mean 

naturally couples with the linear smoothing of thermal 

properties across the phase change interval, maintaining 

consistency in the regularization approach. 

• Performance in smooth transitions: Within the mushy 

zone (∣ 𝑇 − 𝑇𝑚 ∣< Δ𝑇𝑚), the conductivity variation is gradual 

(from 𝑘𝑠 to 𝑘𝑙 over 2Δ𝑇𝑚). For gradual transitions, the 

arithmetic and harmonic means differ by less than 5%, as 

verified in Section 4.9. 

• Computational simplicity: The arithmetic mean incurs no 

additional floating-point operations, whereas the harmonic 

mean requires two extra divisions per interface. 

For validation purposes, Section 4.9 compares both formulations and 

demonstrates that for the present configuration, the difference in 

predicted front position is below 0.3%. 

3.2.3 Explicit Update Formula 
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Solving explicitly for the temperature at the next time step: 

𝑇𝑖
𝑛+1 = 𝑇𝑖

𝑛 +
Δ𝑡

𝜌𝐶eff(𝑇𝑖
𝑛)Δ𝑥2

[𝑘𝑖+1/2
𝑛 (𝑇𝑖+1

𝑛 − 𝑇𝑖
𝑛) − 𝑘𝑖−1/2

𝑛 (𝑇𝑖
𝑛

− 𝑇𝑖−1
𝑛 )] 

 

3.3 Initial and Boundary Conditions 

The system is initialized in a uniformly subcooled state and subjected 

to non-homogeneous boundary conditions: 

• Initial Condition: 𝑇(𝑥, 0) = 𝑇𝑖 < 𝑇𝑚 for all 𝑥 ∈ [0, 𝐿𝑥] 

• Left Boundary (Dirichlet, isothermal heat 

source): 𝑇(0, 𝑡) = 𝑇𝑤 > 𝑇𝑚 for all 𝑡 > 0 

• Right Boundary (Adiabatic): ∂𝑇
∂𝑥
∣𝑥=𝐿𝑥= 0, which is 

discretized as 𝑇𝑁𝑛+1 = 𝑇𝑁−1𝑛+1 

3.4 Exact Analytical Validation: Solution of the 

Transcendental Equation 

To provide a rigorous validation without empirical calibration, the 

numerically predicted phase front is compared against the exact 

similarity solution for one-phase melting in a semi-infinite domain  

[2]. The exact interface position is given by: 
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𝑠(𝑡) = 2𝜆√𝛼𝑙𝑡 

 

where 𝛼𝑙 = 𝑘𝑙/(𝜌𝐶𝑝𝑙) is the liquid-phase thermal diffusivity. The 

dimensionless constant 𝜆 is found by solving the transcendental 

equation derived from the Stefan condition [3]: 

Ste𝑙
𝑒𝜆

2erf(𝜆) −
Ste𝑠 ⋅ (𝑘𝑠/𝑘𝑙)√𝛼𝑙/𝛼𝑠
𝑒𝜆

2(𝛼𝑙/𝛼𝑠)erfc(𝜆√𝛼𝑙/𝛼𝑠)
= 𝜆√𝜋 

 

The liquid and solid Stefan numbers are defined respectively as: 

Ste𝑙 =
𝐶𝑝𝑙(𝑇𝑤 − 𝑇𝑚)

𝐿
, Ste𝑠 =

𝐶𝑝𝑠(𝑇𝑚 − 𝑇𝑖)

𝐿
 

 

In the present work, 𝜆 is computed numerically using Brent's root-

finding method (implemented in the accompanying Python code). 

3.5 Numerical Stability and Computational Cost 

Because the explicit FTCS scheme is conditionally stable, the time 

step Δ𝑡 must satisfy a Courant-Friedrichs-Lewy (CFL)-type 

constraint. The most restrictive condition arises from the region with 

the highest thermal diffusivity: 

Δ𝑡 ≤ Δ𝑡crit =
𝜌 ⋅ min⁡(𝐶𝑝𝑠, 𝐶𝑝𝑙) ⋅ Δ𝑥

2

2 ⋅ max⁡(𝑘𝑠, 𝑘𝑙)
(9) 
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3.5.1 Quantitative Assessment of Computational Cost 

The explicit scheme's stability constraint imposes a severe limitation, 

particularly for fine spatial grids. Table 1 quantifies the 

computational cost for increasing spatial resolutions on a standard 

workstation (Intel Core i7-10750H, 2.6 GHz, Python 3.9 with 

NumPy). All simulations were executed for a physical duration 

of 𝑡max = 1000 s. 

Table 1. Computational cost as a function of spatial 

resolution. 

𝑁𝑥 Δ𝑥 (mm) Δ𝑡crit (ms) 𝑁steps CPU 

time (s) 

Scaling 

50 1.02 260 3.846 0.09 − 
100 0.51 65 15.385 0.67 × 7.4 
150 0.34 29 34.483 2.31 × 3.4 
200 0.25 16 62.500 6.85 × 3.0 
300 0.17 7 142.857 28.41 × 4.1 

 

The number of time steps scales as 𝑁steps ∝ Δ𝑡
−1 ∝ Δ𝑥−2 ∝ 𝑁𝑥

2, 

while the work per time step scales as 𝒪(𝑁𝑥). The total 
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computational cost therefore scales as 𝒪(𝑁𝑥3), consistent with the 

observed scaling factors in Table 1. 

For the baseline resolution (𝑁𝑥 = 150), the simulation completes in 

2.31 seconds — a negligible cost. However, for 𝑁𝑥 = 300, the cost 

rises to 28.4 seconds. At 𝑁𝑥 = 500 (not shown), the estimated cost 

exceeds 300 seconds, rendering the explicit scheme impractical for 

systematic parametric studies. 

 

 

Figure 1. Computational cost evolution (CPU time in seconds) as a 

function of the number of spatial grid points 𝑁𝑥, demonstrating 

complete asymptotic alignment with the theoretical  𝒪(𝑁𝑥3) 
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complexity scaling limit and delineating the practical applicability 

thresholds. 

 

3.5.2 Implications for Model Applicability 

The explicit scheme is therefore suitable for: 

• One-dimensional problems with moderate grid resolutions 

(𝑁𝑥 ≤ 200) 

• Exploratory or educational implementations where code 

simplicity is prioritized 

The scheme is not recommended for: 

• Two- or three-dimensional simulations (cost scales 

as 𝒪(𝑁𝑥4) or higher) 

• Long-duration simulations (𝑡max > 104 s) with fine spatial 

grids 

• Real-time or embedded applications 

 

4. Results and Discussion 

4.1 Baseline Simulation Parameters 
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The numerical model was executed using thermophysical properties 

representative of a typical organic paraffin wax. The baseline 

parameters are summarized in Table 2. 

Table 2. Baseline physical parameters used in numerical 

simulations. 
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∆𝑇𝑚 𝑇𝑖 𝑇𝑤 𝑇𝑚 L 𝜅𝑙 𝑘𝑠 𝐶𝑝𝑙 𝐶𝑝𝑠 𝜌 𝐿𝑥 

0.5 15.0 40.0 25.0 180,000 0.15 0.25 2400 2000 800 0.05 

C° C° C° C° 𝐽/𝑘𝑔 𝑤

/(𝑚. 𝑘) 
𝑤

/(𝑚. 𝑘) 
𝐽

/(𝑘𝑔. 𝑘) 
𝐽

/(𝑘𝑔. 𝑘) 
𝑘𝑔

/𝑚3 
𝑚 

 

4.2 Temperature Distribution Profiles 

The computed spatial temperature distributions at selected times are 

shown in Figure 2. 
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Figure 2. Spatial temperature distribution profiles at different time 

intervals (𝑡⁡ = ⁡100𝑠, 500𝑠, 𝑎𝑛𝑑⁡1000𝑠) compared with the exact 

Stefan solution markers (×) along the 1D PCM domain. 

 

Several notable features are observed: 

1. Thermal Plateau: A distinct inflection point — a near-

isothermal plateau — is evident precisely around 𝑇𝑚 = 25∘C. 

This plateau corresponds to spatial nodes located within the 

phase change window Δ𝑇𝑚, where absorbed thermal energy is 

primarily consumed as latent heat rather than increasing 

sensible temperature. 



 

27 
 

2. Asymmetric Gradients: The temperature gradient in the 

solid region (to the right of the interface) is steeper than in the 

liquid region (to the left), consistent with the lower thermal 

conductivity of the liquid phase. 

3. Progressive Broadening: The width of the mushy zone (the 

region where 𝑇 ≈ 𝑇𝑚) increases gradually over time as the 

phase front advances. 

4.3 Quantitative Validation: Phase Front Position 

The numerically predicted melting front position — defined as the 

spatial coordinate where 𝑇𝑖𝑛 = 𝑇𝑚 — was compared against the 

exact analytical solution derived from the transcendental root (𝜆 ≈

0.1984 for baseline parameters). Table 3 presents the comparison at 

three representative times. 

Table 3. Comparison of numerical and exact phase front 

positions. 

Time 𝑡 (s) Numerical 

front 𝑠num (m) 

Exact 

front 𝑠exact (m) 

Relative 

error (%) 

100 0.00354 0.00358 1.11 

500 0.00792 0.00801 1.12 
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1000 0.01121 0.01132 0.97 

 

4.4 Continuous Error Evolution 

To assess whether numerical error accumulates or stabilizes over 

time, the instantaneous relative error 𝜀𝑠(𝑡) =∣ 𝑠num(𝑡) − 𝑠exact(𝑡) ∣

/𝑠exact(𝑡) was monitored continuously for 𝑡 ∈ [0,1000] s. 

Table 4. Continuous error evolution at selected intermediate 

times. 

900 800 700 600 400 300 200 50 Time 𝑡 (s) 

0.01

062 

0.01

001 

0.009

36 

0.00867 0.00708 0.00613 0.00501 0.00251 𝑠num (m) 

0.01

073 

0.01

012 

0.009

47 

0.00877 0.00716 0.00620 0.00506 0.00253 𝑠exact (m) 

1.03 1.09 1.16 1.14 1.12 1.13 0.99 0.79 𝜀𝑠(𝑡) (%) 

 

 

The results demonstrate that the relative error remains stable 

between 0.8% and 1.2% throughout the simulation, with no 

evidence of error accumulation over time. This stability is attributed 
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to the diminishing temporal derivatives (∂𝑇/ ∂𝑡 ∼ 𝑡−1/2), which 

reduce the rate of error generation as the simulation progresses. 

 

Figure 3. Continuous temporal evolution of the instantaneous 

relative error 𝜀𝑠(𝑡)⁡𝑓𝑜𝑟⁡𝑡⁡ ∈ ⁡ [0, 1000]𝑠, highlighting the validation 

points from Table 3 and demonstrating error stabilization within the 

∓⁡0.2% band around the mean error. 

 

4.5 Empirical Convergence Rate 

To quantify the convergence rate of the numerical scheme, 

simulations were performed with varying spatial resolutions (𝑁𝑥 =

50,100,150,200) while maintaining Δ𝑡 at 90% of the respective 

stability limit. The error 𝜀𝑠 at 𝑡 = 1000 s was recorded. 
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Table 5. Empirical convergence study. 

𝑁𝑥 Δ𝑥 (mm) 𝜀𝑠 (%) log⁡2(𝜀𝑠,𝑖

/𝜀𝑠,𝑖+1) 

50 1.02 3.42 — 

100 0.51 1.89 0.86 

150 0.34 0.97 1.37 

200 0.25 0.63 1.21 

 

The empirical convergence rate, computed as log⁡2(𝜀𝑠,𝑖/𝜀𝑠,𝑖+1), 

ranges between 0.86 and 1.37, approximating the theoretical spatial 

convergence rate of 𝒪(Δ𝑥2) (which would give a value of 2.0). The 

deviation is attributed to the competing influence of temporal error 

(𝒪(Δ𝑡)) and the nonlinearity introduced by the phase change. 
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Figure 4. Log-log convergence plot of the spatial mesh refinement 

study at 𝑡⁡ = ⁡1000𝑠. The empirical trend line shows a slope of 1.21, 

compared against the ideal theoretical 𝒪(Δ𝑥2)  spatial convergence 

slope of 2.0. 

 

4.6 Interface Deceleration and Thermal Resistance Growth 

A detailed examination of the instantaneous melting front 

velocity 𝑑𝑠/𝑑𝑡 (computed via finite differences from the front 

position data) confirms a monotonic deceleration of the phase 

interface over time. This behavior is physically explained by the 



 

32 
 

progressive growth of the liquid layer adjacent to the heated wall 

at 𝑥 = 0. 

Because the liquid phase has a lower thermal conductivity than the 

solid (𝑘𝑙 < 𝑘𝑠), the expanding liquid region acts as an ever-

increasing thermal resistance between the heat source and the 

moving interface. Consequently, the local temperature gradient ∂𝑇/

∂𝑥 at the interface decays approximately as 1/√𝑡, leading to the 

characteristic 𝑠(𝑡) ∝ √𝑡 scaling. 

4.7 Sensitivity to Smoothing Function and 𝚫𝑻𝒎 

4.7.1 Comparison of Smoothing Functions 

To evaluate the impact of the smoothing function choice, 

simulations were performed using the four candidate functions 

defined in Section 3.1, with Δ𝑇𝑚 = 0.5 K fixed. 

Table 6. Comparison of smoothing functions at 𝑡 = 1000 s 

Smoothing 

function 

𝑠num (mm) 𝜀𝑠 (%) Oscillation 

amplitude 

(K) 

CPU 

time (s) 

Piecewise 

linear 

11.21 0.97 0.08 2.31 
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Sinusoidal 11.19 0.81 0.03 2.78 

Gaussian             

(𝜎 = Δ𝑇𝑚/2) 

11.23 1.15 0.02 2.95 

Quadratic 11.20 0.94 0.05 2.43 

 

All four functions produce nearly identical phase front positions, 

with errors below 1.2%. The piecewise linear function exhibits 

slightly larger temperature oscillations (0.08 K) near the phase change 

boundaries due to the discontinuous derivative, but this amplitude is 

below the measurement precision of typical thermal experiments 

(typical thermocouple accuracy ±0.1 K). The computational 

overhead of sinusoidal and Gaussian smoothing (20–28% increase) is 

non-negligible for large parametric studies. 

4.7.2 Sensitivity to 𝚫𝑻𝒎 

The effect of Δ𝑇𝑚 on solution accuracy was systematically 

investigated. 

Table 7. Sensitivity of phase front error to transition half-

width Δ𝑇𝑚 (𝑡 = 1000 s). 

Δ𝑇𝑚 (K) Δ𝑇𝑚/Δ𝑇𝑚,min⁡ 𝜀𝑠 (%) Stability 

0.2 0.27 2.43 Marginal 
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oscillations 

0.5 0.68 0.97 Stable 

1.0 1.37 1.85 Stable 

2.0 2.74 4.21 Stable (over-

smoothed) 

5.0 6.85 11.3 Stable                  

(excessive 

smearing) 

 

The optimal Δ𝑇𝑚 lies in the range 0.5 ≤ Δ𝑇𝑚 ≤ 1.0 K. Values 

below 0.3 K produce spurious oscillations due to the discontinuous 

derivative of 𝐶eff(𝑇) coupled with the sharp property gradient. 

Values above 2.0 K introduce excessive "mushy zone" smearing, 

artificially accelerating the front as latent heat is distributed over an 

unrealistically wide temperature range. 
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Figure 5. Sensitivity analysis of the phase front relative error 𝜀𝑠 as a 

function of the transition half-width Δ𝑇𝑚⁡⁡𝑎𝑡⁡𝑡⁡ = ⁡1000𝑠, 

delineating the unstable oscillation regime, the optimal parametric 

range, and the excessive over-smearing region. 

 

4.8 Limitations of the Pure Conduction Assumption: The 

Role of Natural Convection 

The present model assumes pure conduction heat transfer, 

neglecting buoyancy-driven convection in the liquid phase. While 

this assumption is necessary for validation against the classical Stefan 
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solution, its applicability to real-world PCM systems must be 

critically examined. 

Regime where conduction dominates: For small characteristic 

dimensions (𝐻 < 5 mm), high-viscosity PCMs, or microgravity 

environments, the Rayleigh number Ra < 103 and conduction is 

the dominant heat transfer mechanism. The present model is directly 

applicable in these regimes. 

Regime where convection becomes significant: For typical 

PCM container dimensions (𝐻 = 10 − 100 mm) in terrestrial 

applications, the Rayleigh number ranges from 104 to 108. In this 

regime, natural convection accelerates melting by transporting hot 

liquid away from the interface, creating a characteristic "roll" pattern. 

The pure conduction assumption would underestimate melting rates 

by factors ranging from 1.5 to 5, depending on Ra [8],[11]. 

Quantitative criterion: Following Incropera et al. (2007), the 

relative importance of convection is measured by the Nusselt 

number correlation: 

Nu =
ℎ𝐻

𝑘𝑙
= 𝐶 ⋅Ra𝑛 
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where 𝐶 ≈ 0.54 and 𝑛 ≈ 0.25 for laminar natural convection on 

vertical surfaces. For Ra > 104, Nu > 3, indicating that convective 

heat transfer exceeds conduction by a factor of 3 or more. 

Therefore, the present model is not recommended for applications 

with Ra > 104 without incorporating convection. 

5. Conclusions 

In this work, a one-dimensional numerical model for melting in 

phase change materials was developed using an explicit finite 

difference method on a fixed grid. The model incorporates a 

temperature-dependent effective heat capacity to capture latent heat 

absorption and, more importantly, a variable thermal conductivity 

that distinguishes between solid and liquid phases. 

The numerical predictions were validated against the exact analytical 

solution of the classical Stefan problem, where the transcendental 

equation for the interface constant was solved precisely. The results 

show that the variable conductivity model reduces the relative error 

in the predicted phase front position to below 1.1 percent, which is a 

substantial improvement over constant-conductivity models that 

typically exhibit errors of four to six percent. 
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Continuous error tracking over the entire simulation horizon 

confirmed that the numerical error does not accumulate with time 

but remains stable between 0.8 and 1.2 percent. The empirical 

convergence rate was found to be approximately 1.2, approaching 

the theoretical spatial convergence rate of 2.0. The optimal artificial 

transition half-width was determined to be 0.5 Kelvin, balancing 

physical accuracy and numerical stability. The computational cost 

scales as the cube of the number of grid points, making the explicit 

scheme practical only for one-dimensional problems with moderate 

grid resolutions. 

The main limitations of the study are recognized. The pure 

conduction assumption limits the applicability to those 

configurations where the Rayleigh number is below ten to the 

fourth power. The one dimensional geometry does not account for 

multidimensional effects that exist in real applications  

For practical purposes, it is recommended to use the variable 

conductivity formulation, to keep the transition half-width equal to 

0.5 Kelvin, and to apply a safety factor of 0.9 to the stability limit. 

Future extensions should focus on incorporating natural convection, 

moving to two-dimensional geometries, and validating against 

experimental data. 
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Thermal Decomposition of Some Phthalamic Acids and Their Metal 

Complexes 

 Hiba M. Awad  
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A B S T R A C T 

The research deals with the preparation and investigation of six amic acids 

prepared from phthalic anhydride with benzidine, N,N 2,4- diamino 

toluene, o,m,p-phenylene diamine and ethylene diamine. These amic acids 

were complexed with five metals: Cu(II), Ni(II), Co(II), Mn(II) and 

Cr(III). All compounds were characterized by UV and IR spectroscopy. 

Thermal decomposition (Td) was studied by dynamic thermogravimetric 

analysis (TGA). 

 

      Among the acids, benzidine phthalamic acid show the higher Td, while 

ethylene phthalamic acid show the lower one. Td of the metal complexes 

is much higher than their corresponding amic acids by differences ranged 

between 100-190°, and the higher values were found for Cu(II) 

compounds. 
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    The Td of the complexes is directly proportional with the ionic stability 

constant of the of the transition metal according to Irving Williams system, 

as well as, with their atomic number and densities. 

 

    The aim of this research is to use the prepared compounds as precursors 

to prepare thermally stable polymers in a next work. 

 

Key Words: Phthalamic acids, transition-metal complexes, 

thermo-gravimetric analysis.  
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1. Introduction 

    The use of metal atoms in polymer skeleton offers several possible advantages over purely 

organic chains, grids or frameworks which are organized by non-covalent interactions. Covalent 

metal ligand bonds are stronger than hydrogen bonds and have more directionally than other 

weak interaction such as π - π* stretching [1] Coordination polymers with various channels or 

cavities have useful properties applicable to catalysis, conductivity, luminescence, magnetism, 

adsorption and gas storage therefore, they are currently under intensive study [2-4] 

    Unfortunatly, the temperature resistance of the polymers, in general, relatively low. It is 

therefore, desirable to enhance toughness without adversely affecting other useful properties of 

the polymer [5]. Moreover, Polyimides which are known as high-temperature resistant polymers 

may be used together with metals to improve their heat resistance. Many types of polyimides 

including flame-retardent [6], heat-resistant [7] were prepared and investigated.  

The objective of this work is to examine the thermal behaviour of several phthalamic acids and 

their complexes with five transition metals by using dynamic thermogravimetric analysis. 

2. Experimental 

2.1. Chemicals: 
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Reagents: Phthalic anhydride, ethylene diamine, (o,m,p) phenylene diamine (BDH), 2,4-

toluene diamine (Fluka), benzidine (Aldrich). 

 

Metal salts: Copper acetate, Cobalt acetate, Nickel chloride, Chromum chloride, Manganese 

chloride (BDH and Fluka). 

 

Solvents: Acetone, methanol, ether, chloroform (BDH) 

All the chemicals used are purified according to the standard methods used in chemical 

laboratories [8] 

2.2. Preparation of phthalamic acids: 

 

    Dibasic phthalamic acids are prepared by the reaction of 2 moles of Phthalic anhydride with 1 

mole of the diamine according to the following scheme [9] 

       2 Ph(CO)₂O + H₂N-R-NH2                                            -OOC-Ph-CO-NH+-RNH2
+-CO-

PhCOO- 

         HOOC-Ph-CO-NH-R-NH-CO- Ph-COOH 

      Where R ph and CH₂CH₂ 

acetone, 0-

10°C,             
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The structures of the synthesized phthalamic acids and some of their physical properties are listed 

in Table 1: 

  Table 1:Phthalamic acids and some of their physical properties. 

Decomp.Temp. 

(ᵒC) 

Yield 

)%( 
Color Symbol Compound No. 

304-300 73 white BBPA 

 
1P 

243-240 99 silver PPBPA 

 
2P 

221-220 99 brown MPBPA 

 
3P 

199-197* 72 white OPBPA 

 
4P 

215-210 82 brown TBPA 

 
5P 
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2.3. Metal complexes of phthalamic acids : 

 

     A clear hot solution of Cu(CH3CO₂). H₂O, Co(CH3CO₂).2H2O, NiCl2.2H2O, 

CrCl3.6H2O and MnCl2.4H2O (1m.mol) in ethanol (40 ml) was added to 30 ml solution of 

phthalamic acids (1mmol) in methanol. The mixture was refluxed for 1/2 hour, then the 

isolated solid was filtered, washed several times with hot ethanol then dried at 60°C. The 

product yields, colors and decomposition temperatures are listed in Table 2: 

 

 

 

Table 2 :Decomposition temperature and colors of phthalamic acid-metal complexes. 

Decomp.Temp.(ᵒc) Color Phthalamic Metal 

204-200 

 

 

65 

 

 

white EBPA 
 

6P 

[*] Melting point 
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acid 

283-281 
Black 

blue 
BBPA 

Cu 

289-285 
Green 

blue 
 PPBPA 

300-298 Blue MPBPA 

282-280 Green  OPBPA 

235-233 
Blue 

green 
 TBPA 

245-244 
Pale 

blue 
 EBPA 

305-300 Green  BBPA 

Ni 

299-298 
Blue 

green 
PPBPA 

293-290 
Pale 

green 
 MPBPA 

282-280 
Yellow 

green 
 OPBPA 

211-210 Yellow  TBPA 
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green 

200-203 Green  EBPA 

262-260 
Pale 

pink 
 BBPA 

Co 

285-280 
Pale 

pink 
PPBPA 

244-242 pink  MPBPA 

230-228 
Dark 

pink  
 OPBPA 

190-188 
Pale 

pink  
 TBPA 

221-220 Pink  EBPA 

299-297 Black  BBPA 

Cr 

212-210 
Pale 

green 
 PPBPA 

228-224 Black  MPBPA 

222-221 
Black 

green 
 OPBPA 

192-190 green  TBPA 
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199-196 green  EBPA 

302-300 
White 

yellow 
 BBPA 

Mn 

278-275 White  PPBPA 

270-268 
Pale 

yellow 
 MPBPA 

238-263 
White 

yellow 
 OPBPA 

283-280 Yellow TBPA 

267-265 
Pale 

yellow 
 EBPA 
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Table 3: IR spectral assignment of phthalamic acids and their metal complexes (cm-1) 
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Aromatic ring  M-O s(COO) as(COO) NH phthalamic acids 

 
Metal 

 

1541 1620 501 1448 1653 3220 Cu(BBPA)  
 
 
 
 
 
Cu 
 
 

1541 1623 519 1437 1676 3203 Cu(PBPA) 

1554 1614 480 1433 1678 3226 Cu(MBPA) 

1522 1624 511 1448 1697 3235 Cu(OBPA)) 

1550 1621 483 1446 1653 3220 Cu(TBPA) 

_ 1616 474 1442 1639 3236 Cu(EBPA) 

1514 1633 525 1417 1695 3232 Ni(BBPA)  
 

 

 

Ni     

1549 1637 521 1408 1697 3240 Ni(PBPA) 

1554 1633 507 1435 1678 3232 Ni(MBPA) 

1542 1647 492 1421 1689 3192 Ni(OBPA) 

1571 1639 478 1450 1671 3207 Ni(TBPA) 

_ 1610 507 1433 1651 3211 Ni(EBPA) 

1535 1631 476 1452 1658 3234 Co(BBPA)  
 

 

 

 

Co     

1549 1635 521 1400 1697 3238 Co(PBPA) 

1558 1627 502 1439 1691 3230 Co(MBPA) 

1533 1643 528 1450 1690 3227 Co(OBPA) 

1555 1633 471 1400 1696 3226 Co(TBPA) 

_ 1620 510 1431 1649 3232 Co(EBPA) 

1560 1637 476 1415 1655 3236 Cr(BBPA)  
 

 

 

Cr      

1550 1622 525 1398 1585 3231 Cr(PBPA) 

1514 1637 520 1444 1693 3234 Cr(MBPA) 

1535 1622 501 1412 1662 3217 Cr(OBPA) 

1552 1639 522 1450 1670 3205 Cr(TBPA) 

_ 1645 486 1492 1699 3230 Cr(EBPA) 

1540 1625 515 1452 1697 3186 Mn(BBPA)  
 
 
Mn 

1550 1634 525 1400 1687 3199 Mn(PBPA) 

1556 1637 496 1439 1685 3236 Mn(MBPA) 

1549 1620 521 1452 1693 3240 Mn(OBPA) 

1556 1658 499 1417 1693 3224 Mn(TBPA) 

_ 1635 515 133 1658 3222 Mn(EBPA) 
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3.2. Electronic Spectra:  

   Phthalamic acids show broad bands at 250-350 nm  (Figs. 1A and 2A). These bands may be due 

to n –π* transition [16-17]. The electronic spectra of metal- phthalamic compounds show 

asecond broad band at the region › 600 nm (Figs. 1B and 2B). These new bands may due to 

charge-transfer complexes which occure at the UV and extended laterally to the visible region 

[18] 
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3.3.Thermogravimetric analysis:  

    Thermal decoposition results of Phthalamic acids were estimated by dynamic TGA as shown in 

Fig 3. The important TGA results are mentioned through the initial decom position temperature 

(IDT) and the weight percentage (W%) of the decomposed acids at different temperatures as listed 

in Table 4: 

W% at : IDT (ᵒc) Phthalamic 

Acids 600(ᵒc) 300(ᵒc) 160(ᵒc) 
64 75 86 102 BBPA 
61 70 84 100 PBPA 
55 63 82 101 MBPA 
53 57 79 103 OBPA 
36 55 75 99 TBPA 
35 51 63 97 EBPA 

Fig1.(A) UV spectra of amic acid 

(MPBPA) and (B) Its complex 

with copper (Cu/MPBPA). 

 

Fig 2.(A) UV spectra of amic acid (OPBPA) 

and (B) Its complex with copper 

(Cu/OPBPA). 

 

Table 4: TGA results of phthalamic acids. 

 



 

~ 55 ~ 
 
 

 

The table shows that IDT and W% of benzidine moiety (BBPA) have the higher values, while the 

alphatic moiety (EBPA) posses the lower values. the other amic acids decompose in the following 

order: 

BBPA>PPBPA>MPBPA>OPPBA>TBPA>EBPA 

 

 

 

                                                    Fig 3: TGA thermograms of phthalamic acids 
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Figures 4(A-E) show TGA thermograms of phthalamic acid complexes with Cu, Ni, Co, Cr and 

Mn. The IDT and W% values are mentioned in Table 5. The results show that metal complexes 

posses higher degradation temperatures than phthalamic acids alone. Benzidine complexes show 

therml stability (IDT) between 170-190°c while the complexes of EBPA start decomposition at 

much lower temperatures (150-170°c) which coinsides with literature information where the 

aliphatic ethylene bridge are thermally sensitive [19-20] , As well as the chemical structure of the 

diamine shifts IDT values in the same order as mentioned for pure phthalamic acids. The 

maximum TS was observed for BBPA complexes where the polymer containing two adjaent 

aromatic rings. Comparison of IDT values of the metal complexes with those of phthalamic acid 

moietes indicates that complexes required higher temperatures for their degradation Chelation of 

amic acids with metals which leads to stiffer chains may be the reason for such behaviour. 

Observing W% at 160, 300 and 600 °C show that Cu complexes have the higher TS values 

followed by Ni, Co, Cr and Mn complexes with few exceptions. The explanation of this 

phenomenon may be related to the crystal field stability. This hypothesis states that the stability 

energy of the crystal field of Cu(II) complexes is higher than other elements according to Irving-

Williams [21] where: 

Zn(II)  > Cu(II) >  Ni(II) > Co(II) > Fe(II) > Mn(II) 

  

        10(d)       9(d)       7(d')        8(d)      6(d) 5(d') 
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Fig4: TGA thermograms of phthalamic acids-metal complexs with :Cu (A) , Ni (B) , Co 

(C) , Cr (D) , Mn (E) 
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Table 5: TGA results of phthalamic acid –metal complexes. 

W% at: 
I DT (ᵒC) Phthalamic Acid 

Metal 

600(ᵒC) 300(ᵒC) 160(ᵒC) 

77 98 100 190  (BBPA)  

 

 

 

Cu 

 

 

 

74 93 100 185  (PPBPA) 

68 89 99 175  (MPBPA) 

61 81 99 170  (OPBPA) 

61 68 96 157  (TBPA) 

53 60 90 157  (EBPA) 

76 96 99 180 (BBPA)  

 

 

 

Ni 

 

 

65 84 99 175 (PBPA) 

63 72 96 173 (MBPA) 

61 67 92 170 (OBPA) 

53 62 90 157 (TBPA) 

51 56 85 155 (EBPA) 

63 87 99 176 (BBPA)  
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59 84 98 173 (PBPA)  

 

 

Co 

 

57 71 95 170 (MBPA) 

53 68 92 168 (OBPA) 

53 63 91 155 (TBPA) 

51 55 80 153 (EBPA) 

63 86 99 174 (BBPA)  

 

 

 

Cr 

55 80 97 170 (PBPA) 

53 64 96 163 (MBPA) 

52 62 88 163 (OBPA) 

49 59 86 155 (TBPA) 

47 49 80 153 (EBPA) 

63 82 94 170  (BBPA)  

 

 

 

Mn 

54 69 92 165  (PBPA) 

51 67 90 150  (MBPA) 

46 62 85 160  (OBPA) 

48 55 82 153 (TBPA) 

44 49 78 150  (EBPA) 
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In addition, the atomic number and density of the element may play a role in the stability where 

the higher atomic number and density element shows a higher TS than the next elements as 

shown below: 

Cu Ni Co Mn Cr Element 

29 28 27 25 24 Atomic no. 

8.93 8.90 8.80 8.15 7.15 3Density g/cm 
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Fungi in Ecosystems: Interactions between Fungi, Plants, and Animals 
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Abstract 

Fungi are important in ensuring the balance of the ecosystem by the various relationships they 

have with plants and animals. The paper will examine the ecological roles of fungi, in terms of 

nutrient cycle and symbiosis, as well as stability of an ecosystem. This study uses a descriptive and 

analytical approach which combines field studies, laboratory work, and literature review to study 

fungal diversity and interaction patterns in various ecosystems, i.e., forests, grasslands, and 

freshwater habitats. The results indicate that fungi are helpful in decomposing organic matter and 

nutrient availability, therefore, improving plant growth, and promoting the overall ecosystem 

productivity. Mycorrhizal associations are also of significance as discussed in the study which 

enhances nutrient uptake and environmental stress of the plant. Moreover, the relationships 

between fungi and animals, including mycophagy and spores dispersal, are also demonstrated to be 

essential in terms of biodiversity maintenance and ecological procedures. The findings also show 

that the richness of fungal communities is directly related to the stability of the ecosystem where 

complex ecosystems have a more diverse fungal community and a better network of interactions. 

Furthermore, the study highlights the duality in fungi with regard to agriculture where it may 

serve as a useful organism and a dangerous pathogen. In general, the paper highlights the 

mailto:Dr.saifmyco@gmail.com


 

~ 66 ~ 
 
 

ecological importance of fungi and the necessity to give it more consideration in the context of 

environmental sustainability and ecosystem management. 

Keywords: Fungi, Ecosystems, Plant-Fungi Interactions, Animal-Fungi Interactions, 

Mycorrhiza, Biodiversity, Nutrient Cycling, Ecological Networks 

الاطرياا والنباتاا والحيواناا الاطرياا في النظم البيئية: التااعلاا بين   

 الملخص

ا   ضللمال تللوازل الرظللام البيلحللي مللن خللالح صاقاتللا المتروصللة مللل الربللاقص والحيللوا ص  تترللاولح  لل   الورقللة ا لب ثيللة الألوار البيلحيللة تنعللدا ال اللرذص صررللراً  امللً

  تستخدم     الدراسة مرهتًا وصل يًا لليليلًا عملل بلين الدراسلاص الميدانيلة لل ارذصد من حيث لورة المر ذص والتكافلد فضاً صن استارار الرظام البيلحي

لع بلة  تشل  الرتلا ة إلى والعمل المخبري ومرا عة الألبياص لدراسة تروع ال ارذص وأااش ت اصلها   مختلي الرظ  البيلحيةد  الراباص والمراصلي وموا لل الميلا  ا

ن الو الربلاص ويعلزز إنتا يلة الرظلام البيلحلي بشلكل صلام   ملا تنعلدا الارتباطلاص ال اريلة أل ال ارذص تنسه    لللل الملوال ال سلا عضلوية وتلوف  المرل ذصد ولا يحن

سان امترال المر ذص وتُن ي من الإ هال البيلحي ال ي ينعاني مرا الربلاص  صلاو  ة صللى ذلل د تنبلينا الج رية ذاص أهمية بالرةد  ما نوقش   الدراسةد إذ لن

العملياص البيلحية  لدراسة أل العاقاص بين ال ارذص والحيوا صد را   ذل  التر ي صلى ال ارذص ونشر الأبواغد ضرورية لل  اظ صلى التروع البيولو ي و ا

لحية المعادة بتروع أ بر   المجتمعاص ال ارية تنظهر الرتا ة أيضًا أل ثراء المجتمعاص ال ارية يرتبا ارتباطاً مبايراً باستارار الرظام البيلحيد حيث تتميز الرظ  البي

اً ورضًا خا اً  ويبكة ت اصاص أقوى  صاوة صلى ذل د تنسلا الدراسة الضوء صلى ازلوا ية لور ال ارذص   الزراصةد إذ قد تنشكل  ا رًا  فعًا أو صام

 .إياء ا مزيدًا من الا تمام   سياق الاستدامة البيلحية وإلارة الرظ  البيلحيةوبشكل صامد تنبرز     الورقة الب ثية الأهمية البيلحية لل ارذص وضرورة 

ال الللرذصد اللللرظ  البيلحيلللةد الت لللاصاص بلللين الربلللاقص وال الللرذصد الت لللاصاص بلللين الحيلللوا ص وال الللرذصد ال الللرذص الج ريلللةد الترلللوع  الكلمااااا الماتاةياااة:

 البيولو يد لورة المر ذصد الشبكاص البيلحية

Introduction: 

Fungi are essential in balancing the ecosystem by being important intermediates in the interaction 

between biotic and abiotic aspects. They play important roles in the cycling of nutrients, 
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decomposition of organic matter and formation of soil, hence growth and maintenance of plant 

and animal life. Fungi decompose complex organic matters to recycle nitrogen and phosphorus 

among other nutrients into the environment, which are absorbed by plants. Moreover, fungi 

create complex ecological networks uniting various organisms through which the energy and 

nutrients circulate effectively in the ecosystems. These relationships make fungi the focal points of 

ecosystem operations, underscoring their role as more than mere decomposers in the ecosystem to 

active agents in ecological events (Bahram & Netherway, 2022). 

Fungi are also known to form numerous and dynamic interactions with plants and this 

incorporates mutualistic to parasitic interactions. Among the most significant is mycorrhizal 

symbiosis, where fungi invade the roots of plants and enhance the absorption of water and 

nutrients and exchange of carbohydrates. The association improves development of plants, stress 

and pathogen resistance especially in forest ecosystems where the nutrient content may be 

minimal. Plant systems also harbor fungal communities, also referred to as the plant mycobiome 

that impact on plant health and productivity by balancing the microbes and support in disease 

prevention. These interactions demonstrate that fungi are a very critical component of vegetation 

structure and ecosystem productivity (Sudharsan et al., 2023). 

In addition to having an association with plants, fungi are experiencing complex ecological 

interactions with animals, particularly mammals. Mycophagy is the feeding habit of most animals 

where they feed on fungi as a food source and this behavioral pattern has an immense effect on the 

ecosystem operation. In other environments, the fungal spores are dispersed with the help of 

mammals that consume the fungal fruiting body which stimulates fungal reproduction and 
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colonization. There is mutual benefit between the two as the animals are fed and the fungi can 

expand their ecological range. In addition, the interactions dictate biodiversity, structure of the 

habitat, and the resiliency of the ecosystems, and the relationship among fungi, plants, and animals 

reinforces the ecological systems (Elliott et al., 2022). 

Literature Review 

The fungi are one of the most diverse and functionally important groups of organisms in the 

biosphere that serve vital roles in the structure and functioning of ecosystems. They engage in a 

very diverse set of environmental functions such as decomposition, nutrient turnover and 

establishment of symbiotic relationships with other living beings. Recent studies have highlighted 

fungi to be ecological connectors, and can interconnect plants, animals and microorganisms in 

complex networks of interactions. Such interactions help to provide stability to an ecosystem, 

biodiversity stability, and resistance to environmental extremes. It has also been found that the 

diversity of fungi is vastly higher than previously known, and many of them are still uncredited, 

which implies that their role in the ecology might be even greater than what is currently known 

(Costa et al., 2025; Moonjely, 2022). 

The ecology of fungi has been studied extensively with regard to its relationship with plants, 

especially within the context of mycorrhizal associations and endophytic relationships.  

The relationships are vital to the wellbeing of the plants and fungi have been proven to enhance 

the nutrient uptake, the uptake of water and the ability to withstand environmental changes such 

as drought and disease. Environmental conditionality of these interactions and the way these may 

vary with climate change has been discussed in the existing literature. Another concept that has 
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gained interest is so-called plant mycobiome concept that focuses on the effects of the fungal 

community on the physiology of plants and the productivity of the ecosystem. It is claimed that 

the information of such interactions is vital when it comes to predicting the response of 

ecosystems to global environmental changes (Priyashantha et al., 2023; Zanne et al., 2020). 

Fungi also have complex interactions with animals either mutualistic or antagonistic relationships. 

They are consumption by animals, parasitic infections and symbiotic associations which are 

beneficial to both organisms. As an example, fungi are a valuable food source to several species 

and they are used to transfer energy in food webs. Meanwhile, some fungi are pathogens, which 

affect the population and evolution within the animal community. The current research has 

suggested that further research on fungal-animal interactions is required since this topic is not as 

thoroughly studied as plant-fungi interactions, in spite of its role in the ecological processes 

(Wang, 2020; Iliev et al., 2024). 

Fungi have both positive and negative effects in agricultural systems, which can be the major focus 

of applied ecological studies. The positive fungi play a role in soil enrichment, the improvement 

of plant growth, and the biological pest and pathogen control. An example is fungi, which can be 

used as biocontrol agents, as they can be effective in reducing the use of chemical pesticides, 

unlike in the case of nematodes. Pathogenic fungi on the other hand may result in massive losses 

in crop production which increases the necessity of using efficient management measures. 

Developments in fungi have also resulted in biofertilizers and biostimulants to utilize fungal 

activities to enhance agricultural productivity in a more sustainable way (Yuvaraj and Ramasamy, 

2020; Zhang et al., 2020). 
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Current advances in the functional ecology of fungi have brought about a new focus on the traits 

of fungi to understand their role in the processes of an ecosystem better. The databases like 

FungalTraits contain useful information about fungal characteristics that can help researchers to 

correlate certain traits with ecological functions and environmental responses. In this way, it is 

possible to have a more predictive insight into the way fungal communities respond to 

environmental changes and the way they sustain ecosystem services. In addition, the role of 

biodiversity-ecosystem function has also been highlighted in fungi research where it is indicated 

that increase in fungal diversity leads to stability and productivity of the ecosystem. These results 

support the importance of considering fungal characteristics when developing ecology models and 

conservation plans (Põlme et al., 2020; Runnel et al., 2025). 

The recent increase in interest in fungi in ecological and policy contexts has prompted greater 

interest in the potential development of them in sustainability and ecological management. Fungi 

are receiving attention in policy making that concerns biodiversity conservation, climate change 

mitigation and sustainable development. Their capacity to break down organic components, 

capture carbon and facilitate the growth of plants make them important elements in solving global 

environmental issues. Scientists believe that fungi should be incorporated in the ecological policies 

and conservation systems to ensure there is long term sustainability. This line of view also 

demonstrates the importance of interdisciplinary studies and cooperation to achieve full potential 

of fungi in ecosystem management and policy formulation (Hickman & Atherton, 2024). 
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Methodology 

Research Design 

The present study has used a descriptive and analytical research design that seeks to appreciate the 

complicated relationships that occur between fungi, plants and animals in an ecosystem. The study 

aims at not only examining the ecological functions of fungi but also the essence of the 

relationship that they have with other organisms, such as the mutualistic, parasitic, and commensal 

associations. The design focuses on both qualitative and quantitative study enabling a profound 

study of ecological trends, species richness and functional influences of fungi in diverse 

ecosystems. The research aims at providing insights into the mechanisms by which fungi impact 

the dynamics of an ecosystem by conducting observational studies to complement them with an 

experimental approach. Research design also enables comparisons of interactions between 

different ecosystems, such as forests, grasslands, and aquatic habitat to find patterns that are 

universal across environments and those which are unique to the ecosystem  

Data Collection 

The information required in this research will be gathered by a mixture of fieldwork, lab work 

and literature review. Fieldwork entails sampling of fungi, plants and animals in various sampled 

ecosystems to record the presence, abundance and diversity of the species. To determine the 

presence of fungal communities in soil, the samples will be taken and the molecular methods that 

will be applied include DNA sequencing, through which the species of fungi and their percentage 

content are accurately identified. The interactions between plants and fungi will be studied using 
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mycorrhizal networks, colonization of roots, and nutrient exchange. The relationships between 

animals and fungi will be recorded by tallying the number of times they are consumed, used in 

habitats and mutualistic relationships that include dispersal of spores. In laboratory work, fungi 

culture will be conducted to investigate the growth, enzyme activity and relationship with other 

organisms at controlled conditions. Besides that, the literature review will give background on the 

known ecological roles of fungi, the past data on distribution of fungi, and the past researches on 

associated plant and animal. This multi-source type of data collection will guarantee the validity 

and reliability of the research results and enable cross-validation of field and laboratory results. 

Sampling Methods 

Stratified random sampling will be used in the study in order to make sure that the various 

ecosystems and types of habitats are captured. The chosen ecosystems will be subdivided into 

various plots in order to obtain spatial variability by taking samples in each plot. The stratification 

will be based on the vegetation type, soil composition, water content, and elevation because the 

above variables of the environment play a key role in the distribution and interaction of fungi. In 

both plots, the sampling of fungi will be performed with the help of the standardized procedures 

such as soil cores, litter collection, and direct observation of fruiting bodies. Plant and animal 

species that occur in the identical plots will be documented at the same time in order to draw 

correlations and determine the patterns of interaction. The sampling technique will be aimed at 

being as representative as possible but with the least interference to the ecosystem, therefore 

making the research ethical and sustainable. 
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Experimental Procedures 

To examine some of the interactions of fungi, plants, and animals, both the greenhouse and 

laboratory controlled experiment will be conducted. Mycorrhizal inoculation experiments will 

also identify the effects of fungal symbiosis on the growth of plants, nutrient uptake and 

environmental tolerance. Animal-fungi interaction will be investigated through feeding 

experiments in which the selected herbivores and detritivores will be provided with fungal 

material to determine their preferences, the suitability of their digestion, and the impact on fungi 

population. Tests will be carried out in the form of competition of different species of fungi to be 

able to learn how the structure of the community depends on the availability of resources and 

environmental factors. Scientific strictness will apply to the experimental procedures like the 

control groups, repetition and randomization to reduce biasness and maximize the accuracy of 

findings. The systematic collection of experimental data and its processing will be made to outline 

statistically significant tendencies and ecological impacts. 

Data Analysis 

To explain trends of interactions and ecological values, qualitative and quantitative analysis of the 

collected data will be performed. The quantitative analysis will entail the levels of the species 

richness, and diversity indices, and abundance distribution through the use of statistical software. 

To examine correlation between the presence of fungi with the performance of plants or animals, 

correlation and regression analysis will be conducted and multivariate analysis (principal 

component analysis) will be conducted to establish whether certain environmental factors are 
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important in the correlation between the presence and performance of plants or animals. The data 

that will be analyzed to identify the behavioral and ecological trends that cannot be easily 

identified using numerical data are observational data and experimental findings, which are 

instances of qualitative data. A combination of the quantitative and qualitative analysis is used to 

ensure that interactions between fungi are comprehensively perceived and how they lead to the 

workings of the ecosystem. The results will be presented using such data visualization tools as 

graphs, charts, and network diagrams and be used to discover complex interrelationships among 

species. 

Ethical Considerations 

The study will be conducted with ethical standards to be highly valued to maintain a responsible 

behavior in the field and lab. Field work will be done without causing too much interference to 

the natural environments and all the permits required during collection of the specimens shall be 

obtained to the respective authorities. Experiments to be conducted on animals will be guided by 

ethical standards regarding the handling and utilization of living beings and no harm will be 

inflicted to them and the way they are handled must be in accordance to the international 

standard. The data processing and reporting will be transparent without falsifying and 

misrepresenting the outcomes. All sources of information will be appropriately credited and the 

study will not violate the intellectual property rights under the ethics of the research. These are 

the ethical considerations that are critical towards ensuring that the study is not compromised in 

terms of integrity and credibility. 
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Limitations of the Study 

The research acknowledges the potential limitations, which may have an impact on the results. 

The variability of the environment and season may also affect the existence and activity of fungi, 

plants and animals and also may produce variability in the observations and data collection. The 

ecological interactions may be too complicated such that there are no causal relationships that can 

be developed since there are many factors interacting at the same time. It is not possible to 

perfectly represent the natural ecosystems in the laboratory and this may be an issue with 

generalizing the experimental findings. In addition, molecular community analysis of fungi needs 

accurate and complete reference databases which may be problematic under some circumstances 

to identify species. These limitations will be taken seriously during the data interpretation to come 

up with realistic and balanced conclusions. 

Expected Outcomes 

This study will provide a close understanding of how fungi and plants and animals relate to each 

other within the ecosystem. It is anticipated to identify the prominent fungal species that play 

considerable functions in the cycling of nutrients, stimulation of vegetation development, and in 

the stimulation of the animal activity. The research results of this study will be in addition to the 

knowledge of the ecosystem and how it maintains the biodiversity with real implications in 

conservation, sustainable farming, and restoration of habitat. Field observations, laboratory 

experiments, and data analysis will be used to make the study useful in the general knowledge of 

the ecological networks and the significance of fungi to the existence of life on the planet Earth. 



 

~ 76 ~ 
 
 

Data Analysis 

Fungal Species Diversity Across Ecosystems 

Fifty fungal species were also detected in three ecosystems, which were forest, grassland and fresh 

water habitats. The species richness and abundance were significantly different among the 

ecosystems with the forest ecosystem exhibiting the highest level of diversity. 

Table 1: Fungal Species Richness and Abundance in Different Ecosystems 

Ecosystem Number of Species Total Abundance (Individuals) Dominant Species 

Forest 35 780 Amanita muscaria 

Grassland 28 560 Claviceps purpurea 

Freshwater 22 430 Allomyces anomalus 

 

The forest ecosystem had the greatest fungal diversity and this could be linked to the fact that it 

has complex vegetation structure, abundant organic matter and consistent microclimatic 

conditions. The diversity was moderate in grasslands with some dominant species that were 

specialized to open sunlight and seasonal change. Lower richness of species was found in 

freshwater habitats with low levels of terrestrial colonization of the habitats by fungi and 

specialized aquatic species. The findings emphasize the high effect of the habitat type on fungal 
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diversity and abundance.

 
Figure 1: Fungal Species Abundance Across Ecosystems 

A bar chart that represents the overall abundance of fungi in the forests, grasslands, and fresh water 

environment. 

The bar chart is a visual confirmation of the table data, where the forest ecosystem is the most 

productive in relation to the abundance of fungi. This implies that the high vegetation cover and 

the concentration of organic matters are major contributing factors towards the population 

growth of fungi. The abundance of grasslands and freshwater habitats is lower, which implies the 

influence of environmental factors on the growth of fungi. 
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Mycorrhizal Associations with Plants 

The root of twenty plant species were tested to identify the existence of the mycorrhizal fungi. 

The rate of colonization was different across plant species and ecological type. 

Table 2: Mycorrhizal Colonization Rates in Plant Roots (%) 

Plant Species Ecosystem Colonization Rate (%) 

Quercus robur Forest 85 

Betula pendula Forest 78 

Festuca rubra Grassland 60 

Poa pratensis Grassland 55 

Typha latifolia Freshwater 35 

Lemna minor Freshwater 20 

Forest trees exhibited the greatest mycorrhizal colonization that agrees with the idea that soils in 

dense forests are more favorable to mutualistic plant-fungi interactions. The colonization of 

grassland species was moderate, which indicates their adaptation to drier soils with limitations in 

nutrients. There was little colonization of aquatic plants, which is expected with limited root-

fungal interactions of waterlogged soils. Such findings suggest that symbiosis between plants and 

fungi are dependent on plant species and environmental conditions. 
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Figure 2: Mycorrhizal Colonization Rates in Different Ecosystems 

The percentage of colonization of selected plant species in freshwater, grasslands, and forests in a 

line graph. 

The line graph shows a significant difference of forest and fresh water ecosystems proving that 

environmental factors have a strong influence on symbiotic interactions. Colonization of forests is 

associated with increased nutrient uptake and growth of plants whereas low colonization of 

aquatic plants implies alternative nutrient uptake mechanisms. 

Animal-Fungi Interactions 

Small mammals and insects were observed to feed on fruiting bodies of fungi frequently and 

engage in dispersal of their spores. Sporer of fungi was recorded to be carried to new locations by 

herbivores, like the squirrels. 
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Table 3: Observed Animal-Fungi Interactions 

Animal Species Interaction Type Frequency of Observation 

Squirrel (Sciurus vulgaris) Spore dispersal 15 

Deer (Cervus elaphus) Consumption 10 

Termites (Macrotermes) Decomposition 22 

Beetles (Coleoptera) Spore transport 18 

The table indicates that the insects and mammals are active participants in the fungal life cycle 

either by the dispersal of spores or the break-down of organic matter. Termites are also very 

important in recycling of the nutrients as they decompose the fungus that is beneficial to the soil. 

These interactions illustrate that fungi are significant in maintaining animal populations and 

nutrient cycles of the ecosystems. 

 



 

~ 81 ~ 
 
 

Figure 3: Frequency of Animal-Fungi Interactions 

A pie chart of the percentage distribution of the various types of interaction among the observed 

species of animals. 

The pie chart shows that the most common animal-fungi interactions are decomposition and 

spore transport, so their significance in the ecology is emphasized. Herbivores consume them less 

often but also play a crucial role in dispersal and seed-fungi networks and as such the multifaceted 

aspect of fungi in ecosystem functioning is emphasized. 

Fungal Enzyme Activity and Decomposition 

The enzyme activity of isolated fungal species in breaking down leaf litter was measured in 

laboratory. Forest fungi also exhibited a high level of laccase and cellulase activities. 

Table 4: Average Enzymatic Activity (Units/mL) in Fungal Species 

Fungal Species Laccase Activity Cellulase Activity 

Amanita muscaria 45 38 

Claviceps purpurea 30 25 

Allomyces anomalus 20 18 

The forest fungi had the greatest enzymatic activity that showed effective decay of organic matter. 

Grassland and freshwater fungi were less enzymatic implying that nutrient cycling was slow in 

these environments. The outcomes highlight the critical importance of fungal enzymes in 

ensuring soil fertility and productiveness of an ecosystem. 
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Figure 4: Enzymatic Activity in Fungal Species 

A bar chart with clustered values of the three fungal species comparing the activity of the fungi in 

the activities of laccase and cellulase. 

The table results are supported by the bar chart, which indicates that Amanita muscaria is more 

active in its enzyme characteristics, which is likely the reason why Amanita muscaria has high rates 

of decomposition and nutrient cycling in forest environments. Reduced activity of aquatic fungi is 

associated with low levels of substrate and rate of decomposition. 

Integrated Ecosystem Interaction Network 

In order to see the complicated connections among fungi, plants, and animals, a network of 

interaction was drawn on the basis of field and laboratory data. 
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Figure 5: Fungi-Plant-Animal Interaction Network 

A network graph with nodes depicting fungal, plant and animal species and edges depicting 

interactions identified. 

The interaction network confirms that fungi are central nodes that connect the interaction 

between plants and animals in many ways. Forest ecosystems exhibited a high degree of 

connectivity, which implied an extensive mutualistic and decomposing network. Connection 

between grasslands was moderate whereas the freshwater ecosystems exhibited thin contact. The 

network indicates how essential fungi are in the stability of the ecosystem and the maintenance of 

biodiversity. 
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Discussion 

The results of the present work support the concept that fungi are core and dynamic in the 

ecosystem functioning as a result of their interactions with both plants and animals. The found 

distribution and diversity of fungus species in ecosystems indicate that they are flexible and have 

ecological significance in ensuring a balance in the environment. The findings are congruent with 

the prior studies which underline the fact that fungi are the important intermediaries connecting 

various elements of the ecosystem, which promotes the circulation of nutrients and energy. The 

resulting high diversity especially in forest ecosystems can be used to argue that complex habitats 

offer good conditions to fungi to grow and interact networks which later increase stability and 

resilience of the ecosystem (Costa et al., 2025; Moonjely, 2022). 

The discussion on plant-fungi interactions, particularly mycorrhizal associations, proves that they 

are very important in promoting plant health and productivity. The colonization rates of forest 

plant species are high suggesting that these mutualistic relationships are capable of improving 

nutrient acquisition and stress resistance. The results are in line with those of the studies that 

indicate that fungal symbiosis has a strong impact on plant performance and ecosystem 

productivity. In addition to this, the fact that colonization varies across ecosystems indicates that 

environmental factors including soil content and moisture are determining factors in defining such 

interactions. This can be corroborated in the bigger view of plant-fungi interaction as dynamic 

and reacting to ecological shifts (Priyashantha et al., 2023; Zanne et al., 2020). 

Another important element that the study brings out is the ecological importance of fungi-animal 

interactions that have been typically underexplored in ecological studies. The process of spore 
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dispersal and consumption by animals has been shown by observations of spore dispersal and fungi 

consumption to be involved in the reproduction and spatial distribution of fungi. Fungi in turn 

are ecologically and nutritionally beneficial to animal species, and have a symbiotic relationship. 

These results are consistent with the recent literature that emphasizes more focus on fungal-

animal interactions because they affect biodiversity and ecosystems. Also, the issue of fungi as 

sources of food and pathogens shows their dual effect on animal populations and the ecological 

balance (Wang, 2020; Iliev et al., 2024). 

The findings in the framework of the ecosystem services and applied ecology highlight the 

significance of fungi in agriculture and environmental sustainability. The enzyme activities in 

fungal species highlight the fact that they are needed in the breakdown and recycling of nutrients 

that promote soil fertility and plant growth. This is in line with the past studies which show the 

potential of fungi in the use as biofertilizers and biocontrol agents in sustainable agriculture. 

Simultaneously, the study also recognizes the problem of the pathogenic fungi that have to be 

treated with cautiousness to reduce the adverse effects on crops. These data verify the dual 

ecological position of fungi as useful and harmful organisms in the agricultural system (Yuvaraj 

and Ramasamy, 2020; Zhang et al., 2020). 

Lastly, the incorporation of both functional and biodiversity-oriented methodologies gives a more 

in-depth insight into the role of fungi in the processes in the ecosystem. The relationships 

measured between the diversity of fungi and the functionality of the ecosystem prove the thesis 

that the greater biodiversity the greater the stability and productivity of the ecology. This is in 

agreement with the recent progress in the fungal functional ecology that highlights the value of 
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using traits as a predictive of how an ecosystem responds to changes in the environment. In 

addition, increasing awareness of fungi in environmental policy illuminates their possible 

contribution to the solutions of global problems like climate change and loss of biodiversity. 

These results indicate that further investigation is necessary and fungi should be involved in 

conservation and sustainability plans (Põlme et al., 2020; Runnel et al., 2025; Hickman and 

Atherton, 2024). 

 

Conclusion 

The interrelations in which fungi are involved with plants and animals make fungi crucial and 

diverse components of the ecosystem because they are the vital agents of ecological balance and 

sustainability. The article has highlighted the nutrient cycling, growth of plants due to symbiotic 

associations and in animal life through food webs and ecological associations, such as spore 

dispersion. These interacting functions reveal that fungi are not isolated systems but they belong 

to a complex ecological system that sustains the biodiversity and ecosystem functioning of 

different habitats. 

In addition, the conclusions indicate the importance of learning more about the diversity of fungi 

and ecological relationships in order to address the problems of the environment and the need to 

be more sustainable in their actions. The fungi would have very high chances of increasing the 

fertility of soil, the strength of plants and ecosystem stability in the natural ecosystem or in 

agriculture. Therefore, the need to study and preserve fungi should be enhanced to ensure that 
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the health and fitness of the ecosystems are maintained in the long run to offer policy options in 

the future with regard to environmental management and its sustainability. 
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Abstract  

A differential equation is a mathematical equation that relates a function with its derivatives.  In 

this study we used the solution of differential equations to a couple of real-life situations to show 

how efficient or effective differential equations are. The outcomes of the above applications 

suggest that the differential equation has a unique solution even though it has been solved in many 

of the above applications. 

Keywords  
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Introduction 

Classification of Differential Equations [6,9] 

The purpose of this article is to examine the main ideas of effective differential equations and also 

give some good methods of resolving the equation or, at the very least, approximating them.  

Let’s review some basic methods of classification of differentials equations to prepare for what is to 

follow. 
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1. A person discovers that the cloud's peak height angle is 60 degrees. The differential equation is 

called the conventional one if the function (u) involves only one variable (t) and is expressed as u = 

u(t). An equation is called partial (u = u(x, t)) if u has two or more variables that are t and x. 

2. Occupation Name. 

The biggest derivative of differential equations determines their order..   

3. Diploma. 

The highest exponent of the derivative is used to find the degree of a differential equation.. 

4. Linear and nonlinear both (1) 

The linearity of a differential equation is another important idea. Nonlinear problems usually are 

(i.e. we cannot be explicitly answered unless under very specific circumstances) and linear 

problems are relatively (i.e. an explicit answer may be discovered). An ordinary differential 

equation for y(t) of order n, if can be put in the above form, then it is linear.   

 

i.e. The only thing present is the multiple of ‘y’. If f (t) is 0, the linear equation is said to be 

homogeneous, and if it is not, it is said to be inhomogeneous.                 
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Initial-Value and Boundary-Value Problems[4] 

  Initial-value issue is a differential equation that has conditions on the unknown function, as well 

as on its derivatives, at the same value of the independent variable. The auxiliary condition is the 

first group of stipulations. The boundary conditions are the sub-conditions assigned by fixing the 

values of several independent variables in the boundary value problem. 

 

Types of Differential Equations in First Order. [6,8] 

1. Separable differential equation. 

M(x,y)=−f(x,y) and N(x,y)=1 may be chosen always, even if not unique. A differential equation is 

separable if and only if M is a solely x-dependent function and N is a solely y-dependent function. 

The reason or cause is the differential form.. 

 

Moreover, the differential approach lessens the distinction between independent and dependent 

variables and has improved symmetry. 

The integration of functions M and N can assist in solving a separable problem. 

2. The equation is a homogeneous kind of differential equation[3]. 
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If both functions share the same degree of homogeneity, they are termed homogeneous functions. 

It may be expressed as a function of x, but it is not homogeneous in the sense that it cannot be 

expressed as a function of x and y. One way to make an equation separable is substitution. 

 

Forming(Modeling) Differential Equation[5] 

The chapter does not aim to give detailed prescriptions for the representation of every physical 

situation. Spending an entire semester studying modeling won't be sufficient. Through this 

segment I would like to give you a primer to the modelling process and what the modelling is. 

Three allusions will occur regarding falling bodies, population issues, and mixing problems. 

If we drop these assumptions, we will run into difficulties with the issues- difficulties that are 

beyond the scope of this discussion and, in most cases, beyond the course. Given all of this, we 

would still have to do a fair bit of assumption which doesn’t remotely hover near the truth for 

most part. In this case, let’s. 

 

Applications 

This book includes applications of first order differential equation examples, particularly related to 

exponential growth exponential decay. 
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Issues with Growth and Decay:  

The changing amount of material, denoted by N(t), is called the rate of growth dN/dt. The rate at 

which the amount of drug present in the system changes per unit time is termed as its 

disappearance rate:  

𝑑𝑁

𝑑𝑡
 =Kt 

N(t) is the proportionality constant. Now, even if N(t) is wrong in population census situations, 

even so, it gives a pretty good estimate of physical laws governing this system [2,7]. N(t) if K is a 

discrete integer-valued function. The continuity of K enables it to be described by a time 

function since it is differentiable. 

 

Exponential Growth 

Environmental scientists analyze the growth rate for f(x) = abx, b>0. 
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Exampel: 

The population of a town increases 15% every year. Consider How Many People will Live Here 

in Five Years If there are currently 5000 People in This city. 

Solve: 

First, calculate how much the population is expected to grow using an equation.                                                                                                                  
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Exponential Decay  

Environmental scientists use the formula f(x)= ab^x, where 0 < b< 1, for describing rate of decline 

of a growing quantity. 

 

Exampel: 

As per United States 2000 Census, Campbell County, Kentucky population was 88647, a decline 

rate of -0.3%. If this trend continues, with verpopulations reaching C124, derive the equation for 

the population since the year 2000.. 
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Abstract 

In the context of a particular group, the co-prime power order graph referred to as 𝐺, 

denoted as 𝛽𝐺, is characterized by its vertex set 𝑉(𝐺). The vertices 𝑥 and 𝑦 in 𝐺 are 

adjacent if and only if 𝑔𝑐𝑑(|𝑥|, |𝑦|) ⁡= ⁡𝑝𝑚, for a prime number 𝑝 and 𝑚  is a 

nonnegative integer number. This study research focuses on analyzing and evaluates 

specific topological indices associated with the graph including the first and second 

Zagreb indices, and the Wiener & hyper Wiener indices. During this paper the 

researcher examines these indices in relation the graph 𝛽𝐺 of a finite group 𝐺 which 

including several types of groups such as cyclic groups, dihedral groups, generalized 

quaternion groups, and other group families. By investigating these topological indices, 

the paper aims to provide insights into the structural properties of co-prime power order 

graphs, contributing to a deeper understanding of the relationships among different 

groups and their graphical representations. This comprehensive analysis of the indices 

could have implications for further research in group theory and graph theory, 

potentially leading to new discoveries in these mathematical fields.  

mailto:hasanalhelaly@utq.edu.iq
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1. Introduction 

A graph was used in mathematics from a long time to study algebra’s structures as semi 

groups, groups, and quasi groups. The relationships between components of these 

structures was noted clearly. Especially, the type of graph which was interested on the 

coprime graph of a finite group. The researchers may found more results about the 

properties of the coprime graph, and they compared these results between the groups 

and order of their elements. A coprime graph has defined by Sattanathan & Kala as a 

graph Γ𝐺  of a group 𝐺 such that each two vertices 𝑥, 𝑦 ∈ Γ𝐺  are adjacent if and only if 

gcd(|𝑥|, |𝑦|) = 1 (Muthulakshmi et al., 2024). Subsequently, Ma et al are looked into 

the properties of co-prime graph (Hao et al., 2022; Syarifudin et al., 2021). After that 

some researchers have worked on the characteristics of Γ𝐺  associated with finite cyclic 

groups and dihedral groups. In addition, the researchers extend a graph Γ𝐺  into the 

coprime order graph which denoted by 𝜃(𝐺) that defined as any two vertices 𝑢, 𝑣 ∈ ⁡Γ𝐺  

are adjacent if and only if gcd⁡(|𝑢|, |𝑣| = 1⁡𝑜𝑟⁡𝑝𝑟𝑖𝑚𝑒⁡⁡𝑖𝑛𝑡𝑒𝑔𝑒𝑟⁡𝑛𝑢𝑚𝑏𝑒𝑟 (Banerjee, 

2019; Saini et al., 2020). A lot of researchers are studied some properties of graph 𝜃(𝐺) 

such as its completeness, planarity, and the connectivity of finite groups (Saini et al., 

2020; Milne, 2022). More references give definitions and properties of p-groups, 
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complete graphs, and planar graphs (West, 2018). In (Mushatet & Talebi,2025) , the 

researchers present the notion of the co-prime power order graph⁡𝛽𝐺 . These studies 

seek to broaden the comprehension of co-prime graphs and investigate their properties 

in greater depth. In (Alimon et al.,2020), (Gutman et al.,2020), and (Siti Zahidah et 

al.,2021) the readers can find a lot of definitions and notions about the topological 

indices and their properties on some types of graphs, and these indices are very useful to 

study the structures of chemical compound, and its physical, chemical, and biological 

properties. The researchers can used topological indices to describe the mathematical 

models and how to use these models. 

This study has been acknowledged as follows:  In Section 2, the study begin by defining 

and explaining some basic terms, theorems, lemmas, and corollaries that will be used 

throughout this paper.  In Section 3, the researcher calculate the first and second Zagreb 

indices of the graph 𝛽𝐺 of a finite group 𝐺. Section 4 establish to find the Wiener and 

Hyper Wiener indices of the finite group's graph 𝛽𝐺. In this paper, the formulas 

employed to calculate the topological indices of the graph 𝛽𝐺 are delineated. The analyze 

was focus on graph 𝛽𝐺 of the cyclic group, dihedral group, and generalized quaternion 

group.  Finally, the paper presented the conclusion of this work. 

2. Material and Methods 
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This section presents an overview of the essential concepts and notations in group 

theory, graph theory, and topological indices employed in this study.  Initially, 

foundational definitions and notations related to group theory will provided. A cyclic 

group 𝐺 is defined as a group formed by the element 𝑥 ∈ 𝐺, denoted as < 𝑥 >= 𝐺, 

where 𝑥 is referred to as the generator of 𝐺.  Every cyclic group of order 𝑛 is isomorphic 

to ℤ𝑛.  A group 𝐺 is termed a 𝑝 − 𝑔𝑟𝑜𝑢𝑝 if the order of each element is a power of the 

prime integer 𝑝.  The dihedral group, represented as 𝐷𝑛, is defined as follows:  

𝐷𝑛 =< 𝑎, 𝑏|𝑎
𝑛 = 𝑏2 = 𝑒, 𝑏𝑎𝑏 = 𝑎−1 >,𝑎𝑛𝑑⁡|𝐷𝑛⁡| = 2𝑛⁡ (Mushatet & Talebi,2025). 

The generalized quaternion group is represented as 𝑄4𝑛, and is defined as: 

𝑄4𝑛 =< 𝑎, 𝑏|𝑎
𝑛 = 𝑏2 = 𝑒, 𝑏𝑎𝑏 = 𝑎−1 >, 𝑎𝑛𝑑⁡|𝑄4𝑛| = 4𝑛  (Mushatet & Talebi,2025).  

The  subset 𝑃 ⊆ 𝐺, such that ∀𝑥 ∈ 𝑃 → |𝑥| = 𝑝𝑚, and it  denoted by 𝑃(𝐺) (Mushatet 

& Talebi,2025).  

A  group 𝐺 is called  ∅⁡ − 𝑔𝑟𝑜𝑢𝑝 if any nontrivial element 𝑥 ∈ 𝐺, then if any nontrivial 

element of |𝑥| = 𝑝𝑚, for a prime number 𝑝,𝑚 ∈ ℤ+ ∪ {0}. 

First, the basic concepts and symbols used in graph theory will be covered.  For any two 

vertices 𝑥, 𝑦 ∈ 𝛤 are adjacent is referred to be a complete graph and is represented by 𝐾𝑛 

with 𝑛 vertices (Hao et al., 2022) . Every element 𝑥 in the complete graph 𝐾𝑛 has a 

degree of 𝑛 − 1, and the number of edges is (𝑛(𝑛 − 1))/2.  As an alternative, if graph 𝛤 

does not include a complete subgraph 𝐾5, 𝐾3,3, or any subdivision subgraph of 𝐾5, 𝐾3,3, it 

is referred to as a planar graph (Hao et al., 2022). Now, the idea of a co-prime power 

order graph of a group 𝐺, abbreviated as 𝛽𝐺 will be addressed.  A graph with vertex set 
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𝐺, such that any two distinct elements 𝑥, 𝑦⁡ ∈ ⁡𝐺 are connected if and only if 

𝑔𝑐𝑑(|𝑥|, |𝑦|) ⁡= ⁡𝑝𝑚, where 𝑝 is a prime number and 𝑚 is a non-negative integer 

(Mushatet & Talebi,2025) . If 𝐺 is a ∅ − 𝑔𝑟𝑜𝑢𝑝, then 𝛽𝐺 is complete (Mushatet & 

Talebi,2025) .  Let  𝑛 = 𝑝𝑚, where 𝑝 is a prime integer and 𝑚 is greater than or equal to 

1, ℤ𝑛 is a ∅ − 𝑔𝑟𝑜𝑢𝑝, as an example, if 𝛽𝐺 considered(Mushatet & Talebi,2025) . 

Similarly, if 𝐺 = 𝐷𝑛 considered, then  𝐺 is a ∅ -group if and only if 𝑛 = 𝑝𝑚, where 𝑚 is 

greater than or equal to 1(Mushatet & Talebi,2025) . When 𝐺 = 𝑄4𝑛 considered, then 𝐺 

is a ∅ -group if and only if 𝑛 = 2𝑚, where 𝑚 is greater than or equal to 1 (Mushatet & 

Talebi,2025) . Let us now focus on the set of vertices of 𝐺.  Let  𝐺 be a group such that 

|𝐺| = 𝑛, then  ∀𝑥 ∈ 𝑃(𝐺) be satisfied 𝑑𝑒𝑔⁡(𝑥) = 𝑛 − 1 (Mushatet & Talebi,2025).  In 

the case of a group 𝐺, let 𝛽𝐺 represent its co-prime power order graph. The induced 

subgraph by 𝑆 ⊆ 𝐺 is denoted by 𝛽𝐺[𝑆], and for any two vertices 𝑥, 𝑦 ∈ 𝑆 are adjacent in 

𝛽𝐺  then 𝑥⁡𝑎𝑛𝑑⁡𝑦 are adjacent in 𝛽𝐺[𝑆] (Mushatet & Talebi,2025). The induced 

subgraph  𝛽𝐺[𝐺 − 𝑃(𝐺)] of the co-prime power order graph 𝛽𝐺 is a null graph if and 

only if |𝐺| = 𝑝𝛼𝑞𝛾 , for  prime numbers 𝑝, 𝑞 , and 𝛼, 𝛾 ∈ ℤ+ (Mushatet & Talebi,2025).  

Some important definitions and notations on topological indices of a graph are now  

provided. The first Zagreb index of a graph 𝛤 is denoted by 𝑀1⁡(𝛤), and define as: 

 𝑀1⁡(𝛤) = ∑ (deg(𝑣))2𝑣∈𝑉(Γ)   (Alimon et al.,2020) . 

The second Zagreb index of a graph 𝛤 is denoted by 𝑀2⁡(𝛤), and define as:      

𝑀2(Γ) = ∑ deg(𝑢) deg⁡(𝑣)𝑢𝑣∈𝐸(Γ)  (Alimon et al.,2020) . The Wiener index of a graph 

𝛤 is denoted by  𝑊(𝛤), and define as: 𝑊(𝛤) = ∑ 𝑑(𝑢, 𝑣)𝑢,𝑣∈𝑉(Γ) , and 𝑑(𝑢, 𝑣) be the 
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distance between the vertices 𝑢, 𝑎𝑛𝑑⁡𝑣 (Gutman et al.,2020); Siti Zahidah et al.,2021) . 

The hyper-Wiener index of a graph 𝛤 denoted by 𝑊𝑊(𝛤) and define as :  

𝑊𝑊(𝛤) =
1

2
[𝑊(Γ) + ∑ (𝑑(𝑢, 𝑣)𝑢,𝑣∈𝑉(Γ) )2], 𝑑⁡(𝑢, 𝑣) is a distance between a vertices 

𝑥⁡𝑎𝑛𝑑⁡𝑦  (Siti Zahidah et al.,2021). 

 

3. Results and discussion 

 In this section, the first and second Zagreb indices, and the Wiener & hyper-Wiener 

Indices of the  graph 𝛽𝐺 of some finite group 𝐺 are determined. Such as 𝐷𝑛, 𝑄4𝑛, and 

ℤ𝑛. 

Now, the first and second Zagreb indices of the  graph 𝛽𝐺 are started: 

Theorem 3.1: Suppose that there is a graph  𝛽𝐷𝑛 of group 𝐷𝑛. If 𝑛 = 𝑝𝑞, 𝑝, 𝑞 are 

distinct prime numbers, then  

(i) 𝑀1(𝛽𝐷𝑛) = ∑ (deg(𝑣))2 = 𝑚(2𝑛 − 1)2 +𝑚2(2𝑛 −𝑚)𝑣∈𝑉(𝛽𝐷𝑛)
, 

(ii) 𝑀2(𝛽𝐷𝑛) = ∑ deg(𝑢) deg⁡(𝑣) =
𝑚(𝑚−1)

2
(2𝑛 − 1)2 +𝑚(2𝑛 − 1)𝑢𝑣∈𝐸(𝛽𝐷𝑛)

 

such that |𝑃(𝐷𝑛)| = 𝑚. 

Proof: (i) Suppose that 𝑛 = 𝑝𝑞, and 𝑃(𝐷𝑛) = {𝑥 ∈ 𝐷𝑛||𝑥| = 1⁡𝑜𝑟⁡2⁡𝑜𝑟⁡𝑝⁡𝑜𝑟⁡𝑞}. 

Then deg(𝑥) = 2𝑛 − 1, for all 𝑥 ∈ ⁡𝑃(𝐷𝑛)  Let 𝛢 = {𝑦 ∈ 𝐷𝑛| |𝑦| = 𝑝𝑞}. Then  𝐷𝑛 =

𝑃(𝐷𝑛) ∪ 𝛢, and  𝛽𝐷𝑛[𝐴] is a null induced subgraph of 𝛽𝐷𝑛, and every vertex 𝑦 ∈ 𝛽𝐷𝑛[𝐴] 

be adjacent to all vertices of 𝛽𝐷𝑛[𝑃(𝐷𝑛)]. Therefore 𝑑𝑒𝑔⁡(𝑦) = 𝑚 for all 𝑦 ∈ 𝐴. It 

follows that: 
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𝑀1(𝛽𝐷𝑛) = ∑ (deg(𝑣))2 = ∑ (deg(𝑣))2 + ∑ (deg(𝑣))2

𝑣∈𝛽𝐷𝑛[𝐴]𝑣∈𝛽𝐷𝑛[𝑃(𝐷𝑛)]𝑣∈𝑉(𝛽𝐷𝑛)

 

                                    = 𝑚(2𝑛 − 1)2 +𝑚2(2𝑛 −𝑚). 

(ii)   For any vertex 𝑥 ∈ 𝑃(𝐷𝑛),  𝑑𝑒𝑔⁡(𝑥) = 2𝑛 − 1 holds, and for every vertex 𝑦 ∈

𝐴⁡𝑑𝑒𝑔⁡(𝑦) = 𝑚. Since 𝛽𝐷𝑛[𝑃(𝐷𝑛)] is a complete of 𝛽𝐷𝑛, and |𝐸(𝛽𝐷𝑛[𝑃(𝐷𝑛)])|is equal 

to (𝑚(𝑚 − 1))/2. Moreover, each vertex of 𝛽𝐷𝑛[𝐴] is adjacent with all vertices of  

𝛽𝐷𝑛[𝑃(𝐷𝑛)]. According to the definition of Zagreb indices of a connected graph it 

follows that: 

𝑀2(𝛽𝐷𝑛) = ∑ deg(𝑢) deg(𝑣)𝑢𝑣∈𝐸(𝛽𝐷𝑛)
                                                                                                                                 

= ∑ deg(𝑢) deg(𝑣) +

𝑢𝑣∈𝐸(𝛽𝐷𝑛[𝑃(𝐷𝑛)⁡])

∑ deg(𝑢) deg(𝑣)

𝑢∈(𝛽𝐷𝑛[𝑃(𝐷𝑛)]),𝑣∈(𝛽𝐷𝑛[𝐴]),𝑢𝑣∈𝐸(𝛽𝐷𝑛)

 

              = 𝑚(𝑚−1)

2
(2𝑛 − 1)2 +𝑚(2𝑛 −𝑚)(2𝑛 − 1).              ■                                                                                                    

 

Theorem 3.2: Suppose that 𝛽𝐺 = 𝐾𝑛 is the complete graph with n vertices. Then it 

follows that:  

i) 𝑀1(𝐾𝑛) = ∑ (deg(𝑣))2 = 𝑛(𝑛 − 1)2𝑣∈𝑉(𝐾𝑛) ; 

ii) 𝑀2(𝐾𝑛) = ∑ deg(𝑢) deg(𝑣)𝑢𝑣∈𝐸(𝐾𝑛) =
𝑛(𝑛−1)3

2
 

Proof: i) Suppose that 𝐾𝑛  is the complete graph. Then 𝑑𝑒𝑔⁡(𝑥) = 𝑛 − 1, for each 𝑥 ∈

𝐾𝑛. According to  Zagreb indices of a connected graph then it is obtained that: 

𝑀1𝐾𝑛) = ∑ (deg(𝑣))2 = 𝑛(𝑛 − 1)2

𝑣∈𝑉(𝐾𝑛)

 

iii) Suppose that 𝐾𝑛  is The complete graph. Then 𝑑𝑒𝑔⁡(𝑥) = 𝑛 − 1, and  
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 |𝐸(𝐾𝑛[𝑃(𝐷𝑛)])| =
𝑛(𝑛−1)

2
. So with respect to  Zagreb indices of a connected graph then 

it is obtained: 

𝑀2(𝐾𝑛) = ∑ deg(𝑢) deg(𝑣)𝑢𝑣∈𝐸(𝐾𝑛) =
𝑛(𝑛−1)

2
× (𝑛 − 1)(𝑛 − 1) =

𝑛(𝑛−1)3

2
                                                                                 

■                       
                                                                                                              

Theorem 3.3: Suppose there is  𝛽𝐺  of a finite group 𝐺, then the following facts are 

hold:  

(i) When   𝐺 = ℤ𝑛, 𝑛 = 𝑝𝑚 , 𝑝⁡𝑖𝑠⁡𝑝𝑟𝑖𝑚𝑒,𝑚 ≥ 1, then  

                 1) 𝑀1(𝛽ℤ𝑛) = ∑ (deg(𝑣))2 = 𝑛(𝑛 − 1)2𝑣∈𝑉(𝛽ℤ𝑛)
 

2) 𝑀2(𝛽ℤ𝑛) = ∑ deg(𝑢) deg(𝑣) =
𝑛(𝑛−1)3

2𝑢𝑣∈𝐸(𝛽ℤ𝑛)
 

                                                                

(ii) When        𝐺 = 𝐷𝑛, 𝑛 = 𝑝𝑚 , 𝑝⁡𝑖𝑠⁡𝑝𝑟𝑖𝑚𝑒,𝑚 ≥ 1, then 

1)  𝑀1(𝛽𝐷𝑛) = ∑ (deg(𝑣))2 = (2𝑛)(2𝑛 − 1)2𝑣∈𝑉(𝛽𝐷𝑛)
, 

2) 𝑀2(𝛽𝐷𝑛) = ∑ deg(𝑢) deg(𝑣) = 𝑛(2𝑛 − 1)3𝑢𝑣∈𝐸(𝛽𝐷𝑛)
 

                                                                 

(iii) When  𝐺 = 𝑄4𝑛, 𝑛 = 2𝑚, 𝑚 ≥ 1, then 

1)  𝑀1(𝛽𝑄4𝑛) = ∑ (deg(𝑣))2 = (4𝑛)(4𝑛 − 1)2𝑣∈𝑉(𝛽𝑄4𝑛)
, 

2) 𝑀2(𝛽𝑄4𝑛) = ∑ deg(𝑢) deg(𝑣) = 2𝑛(4𝑛 − 1)3𝑢𝑣∈𝐸(𝛽𝑄4𝑛)
 

Proof:  
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(i) Suppose that  𝐺 = ℤ𝑛, 𝑛 = 𝑝
𝑚. Then  𝛽ℤ𝑝𝑚  is the complete graph with 𝑛 vertices 

[Theorem 3.1,8]. By Theorem 2  then it is obtained that: 

            1) 𝑀1(𝛽𝛽ℤ
𝑝𝑚
) = ∑ (deg(𝑣))2 = (𝑛)(𝑛 − 1)2𝑣∈𝑉(𝛽𝛽ℤ𝑝𝑚

) . 

            2)      𝑀2(𝛽ℤ𝑛) = ∑ deg(𝑢) deg(𝑣) =
𝑛(𝑛−1)3

2𝑢𝑣∈𝐸(𝛽ℤ𝑛)
.                  

(ii) Suppose that 𝐺 = 𝐷𝑛, 𝑛 = 𝑝𝑚. Then  𝛽𝐷𝑛 is the complete graph with 𝑛 vertices 

[Theorem 3.3,8]. Similarly the following are satisfied: 

                 1)  𝑀1(𝛽𝐷𝑛) = ∑ (deg(𝑣))2 = (2𝑛)(2𝑛 − 1)2𝑣∈𝑉(𝛽𝐷𝑛)
 

                   2)  𝑀2(𝛽𝐷𝑛) = ∑ deg(𝑢) deg(𝑣) = 𝑛(2𝑛 − 1)3𝑢𝑣∈𝐸(𝛽𝐷𝑛)
                                                                           

       ( iii)      Let 𝐺 = 𝑄4𝑛, 𝑛 = 2𝑚. Then  𝛽𝑄4𝑛 is the complete graph[Theorem 3.5,8], 

and similarly it is obtained: 

           1)  𝑀1(𝛽𝑄4𝑛) = ∑ (deg(𝑣))2 = (4𝑛)(4𝑛 − 1)2𝑣∈𝑉(𝛽𝑄4𝑛)
 

           2)  𝑀2(𝛽𝑄4𝑛) = ∑ deg(𝑢) deg(𝑣) = 2𝑛(4𝑛 − 1)3𝑢𝑣∈𝐸(𝛽𝑄4𝑛)
.                                                                                          

                                                                                                ■                                     
Theorem 3.4: Suppose that 𝛽𝐺 is a co-prime power order graph of a  finite group 𝐺.  

When |𝐺| = 𝑛 = 𝑝𝛼𝑞𝛾 for 𝑝, 𝑞 are distinct prime numbers, and 𝛼, 𝛾 are positive integers 

then 

(i) 𝑀1(𝛽𝐺) = ∑ (deg(𝑣))2 = 𝑚(𝑛 − 1)2 +𝑚2(𝑛 −𝑚)𝑣∈𝑉(𝛽𝐺) , 

(ii) 𝑀2(𝛽𝐺) = ∑ deg(𝑢) deg⁡(𝑣) =
𝑚(𝑚−1)

2
(𝑛 − 1)2 +𝑚2(𝑛 − 1)𝑢𝑣∈𝐸(𝛽𝐺)  

                  such that |𝑃(𝐺)| = 𝑚. 
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Proof: (i) Suppose that |𝐺| = 𝑛 = 𝑝𝛼𝑞𝛾, and 𝑃(𝐺) = {𝑥 ∈ 𝐺||𝑥| = 1⁡⁡𝑜𝑟⁡⁡𝑝𝛼1 ⁡𝑜𝑟⁡𝑞𝛼2 ,

𝛼1, 𝛼2are⁡positive⁡integers⁡}. Then deg(𝑥) = 𝑛 − 1, for all 𝑥 ∈ 𝑃(𝐺) Let 𝛢 = 𝐺 −

𝑃(𝐺) = {𝑦 ∈ 𝐺| |𝑦| = 𝑝𝛾1 ⁡𝑞𝛾2 , 𝑓𝑜𝑟⁡𝛾1, 𝛾2are⁡positive⁡integers}, then  

𝐺 = 𝑃(𝐺) ∪ 𝛢. By [Theorem 5.1, 8] it follows  𝛽𝐺 ⁡[𝐴⁡] is a null induced subgraph, and 

for every vertex 𝑦 ∈ 𝛽𝐺 ⁡[𝐴⁡] is adjacent to all vertices of  𝛽𝐺 ⁡[𝑃(𝐺)]. Therefore 

𝑑𝑒𝑔⁡(𝑦) = 𝑚. So by definition of first Zagreb index of a connected graph then it is 

obtained : 

𝑀1(𝛽𝐺) = ∑ (deg(𝑣))2 = ∑ (deg(𝑣))2 + ∑ (deg(𝑣))2

𝑣∈(𝛽𝐺[𝐴])𝑣∈(𝛽𝐺[𝑃(𝐺)])𝑣∈𝑉(𝛽𝐺)

 

𝑀1(𝛽𝐺) = 𝑚(𝑛 − 1)
2 +𝑚2(𝑛 −𝑚). 

(ii) For any vertex 𝑥 ∈ 𝛽𝐺 ⁡[𝑃(𝐺)] there is 𝑑𝑒𝑔⁡(𝑥) = 𝑛 − 1, and for every vertex 𝑦 ∈

𝛽𝐺 ⁡[𝐴⁡], 𝑑𝑒𝑔⁡(𝑦) = 𝑚. Since 𝛽𝐺 ⁡[𝑃(𝐺)] is the complete induced subgraph of 𝛽𝐺, then 

the number of edges of  𝛽𝐺 ⁡[𝑃(𝐺)] is equal to (𝑚(𝑚 − 1))/2. Moreover, every vertex 

in 𝛽𝐺 ⁡[𝐴⁡] is adjacent with all elements of  𝛽𝐺 ⁡[𝑃(𝐺)]. According to Zagreb indices of a 

connected graph then it is obtained that: 

𝑀2(𝛽𝐺) = ∑ deg(𝑢) deg(𝑣) =
𝑚(𝑚−1)

2
(𝑛 − 1)2 +𝑚(𝑛 −𝑚)(𝑛 − 1)𝑢𝑣∈𝐸(𝛽𝐺)                                                                       

■                                                                                                                                                               
 

In the same context, the Wiener & hyper Wiener Indices of  𝛽𝐺 when 𝐺 is a finite group 

are  computed. Basically, the Wiener index of 𝛽𝐺 of 𝐷𝑛, 𝑄4𝑛, and cyclic group ℤ𝑛, and a 

group of order 𝑝𝛼 ⁡𝑞𝛾, 𝑝⁡𝑎𝑛𝑑⁡𝑞 are prime number is calculated: 
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Theorem 3.5: Suppose there is  𝛽𝐷𝑛 the finite group 𝐷𝑛. If 𝑛 = 𝑝𝑞, 𝑝, 𝑞 are distinct 

prime numbers, then 

𝑊(𝛽𝐷𝑛) = ∑ d(𝑢, 𝑣) =
𝑚(𝑚−1)

2
+𝑚(2𝑛 −𝑚) + 2(2𝑛 −𝑚)(2𝑛 −𝑚 − 1)𝑢,𝑣∈𝑉(𝛽𝐷𝑛)

. 

where |𝑃(𝐷𝑛)| = 𝑚. 

Proof:  Suppose that 𝑛 = 𝑝𝑞. By definition, 𝑃(𝐷𝑛⁡) = {𝑥 ∈ 𝐷𝑛||𝑥| = 1⁡𝑜𝑟⁡2⁡⁡𝑝⁡𝑜𝑟⁡𝑞}. 

Since 𝛽𝐷𝑛⁡[𝑃(𝐷𝑛⁡)] be  complete graph of 𝛽𝐷𝑛, then 

|𝐸(𝛽𝐷𝑛⁡[𝑃(𝐷𝑛⁡)])| = (𝑚(𝑚 − 1))/2. Any two vertices 𝑢, 𝑣 ∈ 𝛽𝐷𝑛⁡[𝑃(𝐷𝑛⁡)] are 

adjacent, 𝑎𝑛𝑑⁡⁡𝑑(𝑢, 𝑣) = 1. Hence  ∑ 𝑑(𝑢, 𝑣) = 1 ×
𝑚(𝑚−1)

2
=

𝑚(𝑚−1)

2𝑢,𝑣∈𝑉𝛽𝐷𝑛[𝑃(𝐷𝑛)])
.  

Now, suppose that  𝛢 = {𝑦 ∈ 𝐷𝑛|⁡|𝑦| = 𝑝𝑞}, 𝑡ℎ𝑒𝑛⁡⁡𝐷𝑛 = 𝑃(𝐷𝑛) ∪ 𝛢.  

It follows that 𝛽𝐷𝑛⁡[𝐴] is a null induced subgraph. Each  vertex 𝑢 ∈ 𝛽𝐷𝑛 ⁡[𝐴] is adjacent to 

all vertices of 𝛽𝐷𝑛⁡[𝑃(𝐷𝑛⁡)]. It follows there are 𝑚(2𝑛 −𝑚) edges from 𝑉(𝛽𝐷𝑛⁡[𝐴]) into 

𝑉(𝛽𝐷𝑛⁡[𝑃(𝐷𝑛⁡)]). So any vertex 𝑢 ∈ 𝛽𝐷𝑛 ⁡[𝑃(𝐷𝑛⁡)], 𝑣 ∈ 𝛽𝐷𝑛⁡[𝐴]⁡are adjacent and so 

distance 𝑑(𝑢, 𝑣) = 1.  

Therefore ∑ d(𝑢, 𝑣) = 1 ×𝑚(2𝑛 −𝑚) =𝑢∈𝑉(𝛽𝐷𝑛[𝑃(𝐷𝑛)]),𝑣∈𝑉(𝛽𝐷𝑛[𝐴])
𝑚(2𝑛 −𝑚). 

Since  𝛽𝐷𝑛⁡[𝐴] is a null induced subgraph, then any two vertices  𝑢, 𝑣 ∈ 𝛽𝐷𝑛⁡[𝐴] are not 

adjacent, and there is a path  𝑢𝑤,𝑤𝑣, 𝑤 ∈ 𝛽𝐷𝑛⁡[𝑃(𝐷𝑛⁡)] such that 𝑑(𝑢, 𝑣) = 2.  

Then  ∑ d(𝑢, 𝑣) = 2 × (2𝑛 −𝑚)(2𝑛 − 𝑚 − 1)𝑢,𝑣∈𝑉(𝛽𝐷𝑛[𝐴])
= 2(2𝑛 −𝑚)(2𝑛 −𝑚 −

1). 
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Thus 𝑊(𝛽𝐷𝑛) = ∑ d(𝑢, 𝑣) = ∑ d(𝑢, 𝑣) +𝑢,𝑣∈𝑉(𝛽𝑃(𝐷𝑛))𝑢,𝑣∈𝑉(𝛽𝐷𝑛)

∑ d(𝑢, 𝑣) + ∑ d(𝑢, 𝑣) =
𝑚(𝑚−1)

2
+𝑢∈𝑉(𝛽𝐷𝑛[𝐴]),𝑣∈𝑉(𝛽𝐷𝑛[𝐴])𝑢∈𝑉(𝛽𝐷𝑛[𝑃(𝐷𝑛)]),𝑣∈𝑉(𝛽𝐷𝑛[𝐴])

𝑚(2𝑛 −𝑚) + 2(2𝑛 −𝑚)(2𝑛 −𝑚 − 1).                                                           ■                     

 

 

Theorem 3.6: Suppose that 𝛽𝐺 = 𝐾𝑛  is the complete graph of order 𝑛, then  

𝑊(𝐾𝑛) = ∑ d(𝑢, 𝑣) =
𝑛(𝑛 − 1)

2
𝑢,𝑣∈𝑉(𝐾𝑛)

 

Proof: Let  𝐾𝑛  be a complete graph, with n vertices. Then  the number of edges of  𝐾𝑛 

is equal 𝑡𝑜⁡(𝑛(𝑛 − 1))/2.  Any two vertices 𝑢, 𝑣 ∈ 𝐾𝑛 are adjacent, and  𝑑(𝑢, 𝑣) = 1.  

Therefore  𝑊(𝐾𝑛) = ∑ 𝑑(𝑢, 𝑣) = 1 ×
𝑛(𝑛−1)

2
=

𝑛(𝑛−1)

2𝑢,𝑣∈𝑉(𝐾𝑛) . 

Theorem 3.7: Suppose  there is  𝛽𝐺  of a finite group 𝐺, then all of following facts are 

satisfied: 

    i)  If ⁡𝐺 = ℤ𝑛, 𝑛 = 𝑝𝑚 , 𝑝⁡𝑖𝑠⁡𝑝𝑟𝑖𝑚𝑒,𝑚 ≥ 1, then 

      𝑊(𝛽ℤ𝑛) = ∑ 𝑑(𝑢, 𝑣) =
𝑛(𝑛−1)

2𝑢,𝑣∈𝑉(𝛽ℤ𝑛)
𝑛 

     ii)         If  𝐺 = 𝐷𝑛, 𝑛 = 𝑝𝑚 , 𝑝⁡𝑖𝑠⁡𝑝𝑟𝑖𝑚𝑒,𝑚 ≥ 1, then 

         𝑊(𝛽𝐷𝑛) = ∑ d(𝑢, 𝑣) = 𝑛(2𝑛 − 1)𝑢,𝑣∈𝑉(𝛽𝐷𝑛)
, 

    iii)       If  𝐺 = 𝑄4𝑛 , 𝑛 = 2𝑚, 𝑚 ≥ 1, then 

                  𝑊(𝛽𝑄4𝑛) = ∑ d(𝑢, 𝑣) = 2𝑛(4𝑛 − 1)𝑢,𝑣∈𝑉(𝛽𝑄4𝑛)
. 
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Proof: By [Theorem 3.1,8], [Theorem 3.3,8], and [Theorem 3.5,8] in all cases there is a 

complete graph. Then by Theorem 6 , all cases hold, and the proof is simple.                                      

■                                             
 

Theorem 3.8: Let  𝛽𝐺 is a graph of a finite group 𝐺. If |𝐺| = 𝑛 = 𝑝⁡𝛼𝑞⁡𝛾𝑓𝑜𝑟⁡𝑝 ≠ 𝑞 are  

prime numbers, 𝛼, 𝛾 ∈ ℤ+ then 

𝑊(𝛽𝐺) = ∑ d(𝑢, 𝑣) = 𝑚(𝑚 − 1)𝑢,𝑣∈𝑉(𝛽𝐺) + 2𝑚(𝑛 −𝑚), where  |𝑃(𝐺)| = 𝑚. 

Proof: Suppose that 𝑛 = 𝑝𝑞, and 𝑃(𝐺) = {𝑥 ∈ ||𝑥| =

1⁡𝑜𝑟⁡𝑝𝛼1 ⁡⁡𝑜𝑟⁡𝑞𝛾1 , 𝛼1, 𝛾1𝑎𝑟𝑒⁡𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒⁡𝑖𝑛𝑔𝑒𝑟⁡𝑛𝑢𝑚𝑏𝑒𝑟𝑠}.  

Since 𝛽𝐺 ⁡[𝑃(𝐺)] is a complete null induced subgraph of 𝛽𝐺, for any two vertices 𝑢, 𝑣 ∈

𝛽𝐺 ⁡[𝑃(𝐺)], 𝑑(𝑢, 𝑣) = 1, and |𝐸(𝛽𝐺 ⁡[𝑃(𝐺)])| =
𝑚(𝑚−1)

2
.  

 Hence   ∑ 𝑑(𝑢, 𝑣) = 1 ×
𝑚(𝑚−1)

2
=

𝑚(𝑚−1)

2𝑢,𝑣∈𝑉(𝛽𝐺[𝑃(𝐺)])  . 

Now, suppose that  𝐵 = {𝑦 ∈ 𝐺|⁡|𝑦| = 𝑝𝛼⁡𝑞𝛾}, then  𝐺 = 𝑃(𝐺) ∪ 𝐵. It follows that 

𝛽𝐺 ⁡[𝐵] is a null induced subgraph. Then ∀𝑢 ∈ 𝛽𝐺 ⁡[𝐵]  be adjacent to  ∀𝑦 ∈ 𝛽𝐺 ⁡[𝑃(𝐺)]. 

It follows there are 𝑚(𝑛 −𝑚) edges from 𝑉(𝛽𝐺 ⁡[𝐵]) into 𝑉(𝛽𝐺 ⁡[𝑃(𝐺)]). So any two 

vertices 𝑢 ∈ 𝛽𝐺 ⁡[𝑃(𝐺)] and 𝑣 ∈ 𝛽𝐺 ⁡[𝐵] are adjacent and 𝑑(𝑢, 𝑣) = 1. 

Therefore ∑ 𝑑(𝑢, 𝑣) = 1 ×𝑚(𝑛 −𝑚) =𝑢∈𝑉(𝛽𝐺[𝑃(𝐺)]),𝑣∈𝑉(𝛽𝐺[𝐵]) ⁡𝑚(𝑛 −𝑚). 

For any two vertices 𝑢, 𝑣 ∈ 𝛽𝐺 ⁡[𝐵], it follows 𝑑(𝑢, 𝑣) = 2.  

Hence  

∑ 𝑑(𝑢, 𝑣) = 2 × (𝑛 −𝑚)(𝑛 −𝑚 − 1)

𝑢,𝑣∈𝑉(𝛽𝐺[𝐵])

= 2(2𝑛 −𝑚)(𝑛 −𝑚 − 1) 



 

~ 111 ~ 
 
 

Thus 𝑊(𝛽𝐺) = ∑ 𝑑(𝑢, 𝑣) = ∑ 𝑑(𝑢, 𝑣) +𝑢,𝑣∈𝑉(𝛽𝐺[𝑃(𝐺)])𝑢,𝑣∈𝑉(𝛽𝐺)

∑ 𝑑(𝑢, 𝑣) +𝑢∈𝑉(𝛽𝐺[𝑃(𝐺)]),𝑣∈𝑉(𝛽𝐺[𝐵])
∑ 𝑑(𝑢, 𝑣)𝑢,𝑣∈𝑉(𝛽𝐺[𝐵])  

  = 𝑚(𝑚 − 1)/2 +𝑚(𝑛 −𝑚) + 2(2𝑛 −𝑚)(2𝑛 −𝑚 − 1)      ■                                                                   
 

Theorem 3.9: Suppose that   𝛽𝐷𝑛  be a graph of the group 𝐷𝑛. If 𝑛 = 𝑝𝑞, 𝑝, 𝑞⁡are 

distinct prime numbers, then 

𝑊𝑊(𝛽𝐷𝑛) =
1

2
[𝑊(𝛽𝐷𝑛)

+ ∑ (d(𝑢, 𝑣))2]

𝑢,𝑣∈𝑉(𝛽𝐷𝑛)

=
1

2
[
𝑚(𝑚 − 1)

2
+𝑚(2𝑛 − 𝑚) + 2(2𝑛 −𝑚)(𝑛 −𝑚 − 1) +

𝑚(2𝑚 − 1)

2

+𝑚(2𝑛 −𝑚) + 4(2𝑛 −𝑚)(𝑛 − 𝑚 − 1)]

= [
𝑚(2𝑚 − 1)

2
+𝑚(2𝑛 −𝑚) + 3(2𝑛 −𝑚)(2𝑛 −𝑚 − 1)] 

𝑤ℎ𝑒𝑟𝑒⁡⁡|𝑃(𝐷𝑛)| = 𝑚. 

Proof: Let 𝑛 = 𝑝𝑞. By definition, 𝑃(𝐷𝑛) = {𝑥 ∈ 𝐷𝑛||𝑥| = 1⁡𝑜𝑟⁡2⁡𝑜𝑟⁡𝑝⁡𝑜𝑟⁡𝑞}. 

 By Theorem 5, then   𝑊(𝛽𝐷𝑛) = (𝑚(𝑚 − 1))/2 +𝑚(2𝑛 −𝑚) + 2(2𝑛 − 𝑚)(2𝑛 −

𝑚 − 1) is holded.   

For any two vertices 𝑢, 𝑣 ∈ 𝑃(𝐷𝑛), 𝑑(𝑢, 𝑣) = 1, (𝑑(𝑢, 𝑣))2 = 1. Each vertex of 𝑃(𝐷𝑛) 

is adjacent to all vertices of 𝐵 = 𝐷𝑛 − 𝑃(𝐷𝑛). Also, for any two vertices 𝑢, 𝑣 ∈

𝐵, 𝑑(𝑢, 𝑣) = 2.  

Hence 
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∑ (d(𝑢, 𝑣))2

𝑢,𝑣∈𝑉(𝛽𝐷𝑛)

= ∑ (d(𝑢, 𝑣))2

𝑢,𝑣∈𝑉(𝛽𝐷𝑛[𝑃(𝐷𝑛)])

+ ∑ (d(𝑢, 𝑣))2 +

𝑢∈𝑉(𝛽𝐷𝑛[𝑃(𝐷𝑛)]),𝑣∈𝑉(𝛽𝐷𝑛[𝐵])

∑ (d(𝑢, 𝑣))2

𝑢,𝑣∈𝑉(𝛽𝐷𝑛[𝐵])

 

Therefore 

𝑊𝑊(𝛽𝐷𝑛) =
1

2
[𝑊(𝛽𝐷𝑛) + ∑ (d(𝑢, 𝑣))2] =

1

2
[
𝑚(𝑚−1)

2
+𝑚(2𝑛 −𝑚) +𝑢,𝑣∈𝑉(𝛽𝐷𝑛)

2(2𝑛 −𝑚)(2𝑛 −𝑚 − 1) +
𝑚(𝑚−1)

2
+𝑚(2𝑛 − 𝑚) + 4(2𝑛 −𝑚)(𝑛 −𝑚 − 1)] =

[
𝑚(2𝑚−1)

2
+𝑚(2𝑛 −𝑚) + 3(2𝑛 −𝑚)(2𝑛 −𝑚 − 1)].              ■                                                                                                                                       

 

 From Theorems 3.6,3.7,  and the definition of Hyper Wiener index it follows: 

 

Corollary 3.10: Suppose  there is  𝛽𝐺  of a finite group 𝐺, and |𝐺| = 𝑛. Then  the 

following statements are hold: 

i) 𝑊(𝛽𝐷𝑛) = 𝑊𝑊(𝛽𝐷𝑛), 𝑤ℎ𝑒𝑛⁡𝑛 = 𝑝
𝑚. 

ii)  𝑊(𝛽𝑄4𝑛) = 𝑊𝑊(𝛽𝑄4𝑛), 𝑤ℎ𝑒𝑛⁡𝑛 = 2𝑚. 

iii) 𝑊(𝛽ℤ𝑛) = 𝑊𝑊(𝛽ℤ𝑛),𝑤ℎ𝑒𝑛⁡𝑛 = 𝑝
𝑚. 

iv) 𝑊(𝛽𝐺) = 𝑊𝑊(𝛽𝐺),𝑤ℎ𝑒𝑛⁡𝑛 = 𝑝
𝑚.    
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6. Conclusion  

 

In this work, some topological indices of the co-prime power order graph of the finite 

groups like dihedral group, cyclic group, and generalized quaternion group was 

determined . In the beginning the researchers found 𝑀1(𝛽𝐺), 𝑀2(𝛽𝐺) depended on the 

order of the finite group G and |𝑃(𝐺)| when 𝛽𝐺 is not complete while 𝑀1(𝛽𝐺), 𝑀2(𝛽𝐺) 

depended on the order of the finite group 𝐺 when 𝛽𝐺 is complete graph.  

Also  this study found the Wiener and Hyper Wiener indices of  𝛽𝐺 of a finite group 𝐺 

depended on the same characters. 
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 بعض المؤشراا الطوبولوجية للبيان ذي الترتيب الأسي الأولي 

 الخلاصة:

  𝑉(𝐺)د رتموصلة رووسلا𝛽𝐺د وينرملز للا بلل 𝐺  سياق مجموصة معيرةد ينشلار إلى الرسل  البيلاني ذي الترتيلس الأسلي الأوليد والمنشلار إليلا بلل 

,|𝑥|متتاورين إذا وفالا إذا  لال الااسل  المشلتر  الأ لبر للل  𝑦    𝐺و    𝑥يكول الرأسال |𝑦| يسلاوي |𝑝𝑚 د حيلث𝑝  صلدل أولي و𝑚 

  غ  سالس  تر ز     الدراسة صلى لليل وتايي  مؤيراص طوبولو ية محدلة مرتبالة بالرسل  البيلانيد رلا   ذلل  مؤيلري زغلرر صدل ص ي

لمجموصة مرتهيلة  𝛽𝐺الأولح والثانيد ومؤيري ويرر و ويرر الزا دي  خالح     الورقةد يدرد الباحث     المؤيراص فيما يتعلح بالرس  البياني 

𝐺ا متعلللدلة ملللن المجموصلللاص مثلللل المجموصلللاص الدوريلللةد والمجموصلللاص ثرا يلللة السلللاو د ومجموصلللاص الكواترنيلللول المعمملللةد د والللل  ت شلللمل أنواصلللً

وصا اص مجموصاص أخرى  تدف     الورقة الب ثيةد من خالح لراسة     المؤيراص الاوبولو يةد إلى تاديم روى معماة حولح اررا   

اص الترتيس الأسي للأصلدال الأوليلة فيملا بيرهلاد ولا ينسله    فهل  أصملح للعاقلاص بلين المجموصلاص المختل لة وتمثياتلا البريوية للرسوم البيانية ذ

د ين ضي إلى البيانية  وقد يكول له ا الت ليل الشامل للمؤيراص آثارٌ صلى الأبحاث المستابلية   نظرية المجموصاص ونظرية الرسوم البيانيةد وا ق

  ديدة     ين المجالين الرذضيين ا تشافاص 

 المجموصة الدوريةد المجموصة ثرا ية الساو د مجموصة الكواترنيول المعممةد الرس  البياني الأوليد المؤيراص الاوبولو ية  الكلماا الماتاةية:
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Abstract 

This research presents a mathematical model and numerical simulation of a two-degree-of-

freedom (2-DOF) piezoelectric energy harvesting system designed to improve the efficiency of 

energy conversion from mechanical vibrations compared to a conventional single-degree-of-

freedom system. The dynamic model was derived based on the equations of motion for a mass–

spring–damper system, incorporating the effect of piezoelectric coupling; the equations were then 

solved using MATLAB to study the system’s time-domain and frequency-domain responses. 

The results of the modal analysis revealed two natural frequencies for the system at 21.35 Hz and 

42.71 Hz, providing a wider operating range compared to conventional systems. Furthermore, 

the frequency response analysis revealed a bandwidth of 8.60 Hz calculated at the −3 dB level, 

which enhances the system’s ability to harvest energy across a wider range of excitation 

frequencies. Furthermore, the electrical power results revealed two distinct peaks at the resonance 

regions, indicating the effectiveness of the proposed design in improving electrical power output 

compared to a single-degree-of-freedom system. 

The study’s results confirm that the use of a two-degree-of-freedom system represents a 

promising solution for low-power energy harvesting applications, such as wireless sensors and 

Internet of Things (IoT) systems, due to the increased operating range and improved stability of 

electrical performance under varying vibration conditions. 

Keywords:  
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energy harvesting, piezoelectric materials, two-degree-of-freedom system, modal analysis, 

frequency response, MATLAB. 

 

1- Introduction  

Rapid advances in low-power sensing and communication technologies have led to the 

widespread adoption of in-vehicle Internet of Things (IoT) devices, such as diagnostic monitoring 

units, pressure and temperature sensors, and small wireless access points. These devices require 

continuous or intermittent power with low maintenance requirements. At the same time, whilst 

in motion, vehicles generate a rich spectrum of mechanical vibrations caused by the vehicle’s 

engine, transmission, road interference, uneven surfaces, and braking and acceleration maneuvers. 

These vibrations represent a constant and free source of energy that can be harnessed to reduce 

reliance on conventional batteries and minimize maintenance costs. 

2- The problem and solution 

 Harnessing vibration energy within vehicles offers environmental and economic benefits, 

including reduced battery replacement, a lower overall weight of the power system, and 

improved reliability of on-board sensors. Furthermore, energy harvesting systems can provide a 

supplementary power source capable of supporting emergency functions or reducing critical 

battery consumption. Successful designs can be applied to light-duty, commercial, and even 

heavy-duty vehicles. 
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conventional systems suffer from two fundamental problems the one of the important is a narrow 

operating frequency range low power output outside the resonant frequency Consequently, 

hybrid systems combining more than one conversion mechanism have been proposed to improve 

performance. In this research, a hybrid system is presented based on: 

A PZT-5H piezoelectric element 

An electromagnetic generator 

A dual-mass system to widen the frequency band 

Industry challenges for this research the vehicle environment is complex the vibration spectrum 

varies significantly with driving conditions (speed, road type) and encompasses a wide frequency 

range and varying acceleration values. Furthermore, solutions must be robust against shocks, 

thermal and vibrational wear, lightweight, and cost-effective for high-volume manufacturing. 

Furthermore, constraints relating to electromagnetic compatibility and safety (EMC/EMI) and 

interference with other vehicle systems present practical challenges. 

 

3- Literature Review 

Early studies in the field of vibration energy harvesting demonstrated the potential for using 

piezoelectric elements in automotive infrastructure to generate energy from mechanical 

vibrations. Kymissis et al. (1998) presented a preliminary experiment using piezoelectric materials 

in a vehicle chassis to power low-power circuits; the study confirmed that the technology is 
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promising but limited by the short lifespan of the materials and mechanical degradation over time 

[1]. 

Subsequently, Beeby et al. (2006) presented a comprehensive review of various vibration sources 

and their potential for conversion into electrical energy, with a focus on micro-scale applications. 

The study confirmed that achieving maximum efficiency depends primarily on the frequency 

matching between the vibration source and the harvesting system [2]. 

Roundy et al. (2003–2005) to the development of the theoretical and practical framework for 

energy harvesting systems in wireless networks and sensors, analysing optimal frequency bands and 

designing appropriate electrical circuits to increase conversion efficiency, thereby making these 

systems suitable for ultra-low-power applications [3], [4]. 

In a broader review of harvesting techniques, Khaligh et al. (2010) discussed piezoelectric and 

electromagnetic harvesting techniques, outlining the advantages and limitations of each, and 

emphasized the importance of combining multiple techniques to improve the output power [5]. 

Mitcheson et al. (2008) on harvesting energy from human and machine motion, noting that these 

systems are particularly suitable for powering low-power wireless devices, but remain limited in 

terms of total power output [6]. 

Recent years have seen remarkable developments in this field, with the introduction of new 

technologies such as nanomaterials and triboelectric generators. Wang (2017) proposed the 
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concept of triboelectric generators as an innovative solution for self-powered systems, opening up 

new horizons in smart applications [7]. 

In an applied context, a study by Yang et al. (2020) demonstrated that energy harvesting systems 

in vehicles can utilize multiple locations such as the vehicle chassis and wheel hubs; however, the 

power generated remains sufficient only to power sensors, not the main systems [8]. 

Zhao and Yang (2021) also reviewed hybrid harvesting systems that combine piezoelectric and 

electromagnetic technologies, explaining that the integration of the two techniques significantly 

improves performance in unstable vibration environments [9]. 

Zhang et al. (2023), meanwhile, focused on adaptive, frequency-tunable systems, with results 

showing that automatic tuning of the resonant frequency significantly increases energy harvesting 

efficiency in real-world applications such as vehicles and industrial machinery [10]. 

Despite significant progress in this field, several research gaps remain. Firstly, there is a need for 

standardized testing criteria, as results vary considerably between studies due to differences in 

installation locations and vibration conditions [1]–[4]. Furthermore, industrial integration and 

mass production remain a challenge in terms of cost and quality [5], [6]. 

Furthermore, long-term durability under harsh environmental conditions such as heat, humidity 

and oils has not been sufficiently studied in real-world applications [7], [8]. Finally, intelligent 

frequency tuning and adaptive control techniques represent an important research direction for 
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improving the average power extracted from systems in changing environments such as  motor 

vehicles [9], [10]. 

 

4- Proposed system design 

This system works by extracting energy from the vehicle’s vibrations and converting it into 

storable electrical energy using two generation pathways: 

A piezoelectric element (PZT) 

An electromagnetic generator (coil + magnet) 

The energy is then combined and stored in an electrical storage system as shown in block 

diagram(1). 

 

 

 

 

 

 

Figure(1) Block Diagram for Proposed System 
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The proposed system is based on harnessing the mechanical vibrations generated by a vehicle’s 

movement on the road and converting them into electrical energy that can be stored and utilized. 

As the vehicle travels, vertical vibrations and repeated mechanical shocks are generated due to the 

unevenness of the road surface; these vibrations are transmitted to a main vibrating mass (M1) 

weighing 0.5 kg. This mass serves to amplify the mechanical displacement and improve the 

system’s response to low-frequency vibrations, thereby increasing the amount of energy that can 

be recovered. 

The mechanical core of the system consists of a mass–spring–damper system, for which a spring 

constant of 1,800 newtons per meter and a damping coefficient of 0.45 newton second per meter 

were selected. This configuration aims to tune the system’s natural frequency to be close to 

common vehicle vibration frequencies, thereby enabling resonance and increasing the relative 

motion of the mass, thus enhancing energy harvesting efficiency. 

The resulting relative motion is then harnessed via two different energy conversion pathways. 

The first pathway relies on a highly sensitive PZT-5H piezoelectric element, which converts 

direct mechanical stresses into an electrical voltage. The second pathway relies on an 

electromagnetic generator consisting of a coil with 1,500 turns and a high-magnetic-density 

NdFeB N52 permanent magnet. According to Faraday’s law of electromagnetic induction, the 

relative motion between the coil and the magnet generates an electromotive force that can be 

harnessed to produce energy. 



 

~ 125 ~ 
 
 

The electrical power generated by the two circuits is then combined and sent to a rectifier circuit 

to convert the alternating current into direct current. A conventional rectifier bridge or Schottky 

diodes     are used to minimize voltage loss and improve conversion efficiency. 

To ensure the stability of the power output, the rectifier’s output is connected to a supercapacitor, 

which stores instantaneous energy and reduces electrical fluctuations caused by changes in 

vibration intensity, whilst also providing rapid power for short-duration loads. The current then 

passes through a DC–DC converter, which steps up or down the voltage and regulates it to the 

required value to charge the battery with high efficiency. 

Finally, the electrical energy is stored in a rechargeable battery for use in powering low-power 

loads such as sensors, monitoring systems and in-vehicle communication units, thereby helping to 

reduce reliance on the main power source and increase the efficiency of utilizing wasted energy. 

 

 

 

 

 

 

Figure 2. Proposed hybrid vibration energy harvesting system architecture 
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Table(1) Characteristics of the proposed system               Table (2) Simulation Condition 

 

5- Mathe

matical 

Modelling of 

the Proposed 

System 

This section 

aims to develop a mathematical model that describes the 

dynamic behavior of the proposed system for converting 

mechanical vibration energy into electrical energy using a 

piezoelectric element. The model is based on a mechanical 

system comprising two degrees of freedom (2-DOF), 

where the first mass represents the base system, whilst the second mass represents the piezoelectric 

harvester element, which is mounted via a spring and a damper. The mechanical system is coupled 

to a simple electrical circuit comprising the piezoelectric element’s intrinsic capacitance and an 

external load resistance, thereby enabling the conversion of mechanical energy into usable 

electrical energy. The construction of the mathematical model was based on a number of 

assumptions widely used in the modelling of piezoelectric energy harvesting systems, including 

the following: 

variable Amount 

frquancy 10–100 Hz 

Acceleration 0.5–2 g 

Car speed 20–100 km/h 

load 100 Ω 

Teampreacher 25 °C 

component value 

Mass moving 0.5 kg 

Spring constant 1800 N/m 

 Damping facto 0.45 Ns/m 

Pezo type PZT-5H 

No. of Pezo 4 

Dimater Coil 25 mm 

Number of coils 

turns 

 ل ة 1500

Magnet type NdFeB 

N52 
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• The system’s motion is confined to a single axis (Single Axis Motion). 

• Springs and dampers behave linearly within the operating range. 

• The piezoelectric element operates within the linear piezoelectric region. 

• The effects of temperature and residual stresses are neglected. 

• The electrical load resistance remains constant during operation. 

• The external force acts as harmonic excitation on the first mass only. 

• These assumptions are consistent with the mathematical models used in many studies on 

piezoelectric energy harvesting, as they have been shown to strike a good balance between the 

accuracy of the results and the ease of numerical analysis. 

Figure (1) shows the mechanical model of the proposed system, which consists of two masses 

interconnected by springs and dampers, whilst the piezoelectric element is attached to the second 

mass to represent the electromechanical conversion process. 

5.1 Equations of Mechanical Motion 

The equations of motion are derived from Newton’s second law, whereby the sum of the forces 

acting on each mass is equal to the product of the mass and the acceleration[11]. 

For the first mass 

F(t)= m1x¨1+(c1+c2)x˙1−c2x˙2+(k1+k2)x1−k2x2               (1) 

Where  

M1, The mass of the primary system. 



 

~ 128 ~ 
 
 

K1, The stiffness of the primary spring. 

K2,   the stiffness of the coupling spring. 

C1,   the main damping coefficient. 

C2,   the coupling damping coefficient. 

 F(t), the external force acting on the system. 

As for the second mass, which represents the part associated with the piezoelectric element, it is 

affected by the mechanical forces resulting from the spring and the connecting damper, in 

addition to the electromechanical force resulting from the electrical voltage generated within the 

piezoelectric element. Accordingly, the equation of motion is as follows[12]: 

m2x¨2+c2(x˙2−x˙1)+k2(x2−x1) + θV=                              (2)      

where  

θ represents the electromechanical coupling coefficient linking the mechanical and electrical 

domains, whilst  

V represents the electromotive force generated across the piezoelectric element. 

Equations (1) and (2) reflect the coupled nature of the system, as the mechanical motion directly 

influences the generated electromotive force, whilst the electromotive force, in turn, influences 

the system’s mechanical response through electromechanical feedback; this makes the model more 

realistic compared to the unidirectional models used in some earlier studies by Shad Roundy.      
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5.2  Electrical Model and Electromechanical Coupling 

The operating principle of a piezoelectric element is based on the property of piezoelectric 

materials to convert mechanical stresses and strains into an electric charge, and vice versa. When 

the piezoelectric element is subjected to vibrations caused by the movement of the second mass, 

an electrical voltage difference is generated across its terminals, and this voltage can be utilised to 

power an external electrical load.In this study, the piezoelectric element is represented by an 

equivalent electrical circuit comprising a controlled current source dependent on the vibration 

frequency, along with the piezoelectric element’s self-capacitance C_p and the load resistance R; 

this is the most commonly used model in studies of piezoelectric energy harvesting [11].Based on 

Kirchhoff’s Current Law, the sum of the currents entering and leaving an electrical node is zero; 

consequently, the electrical equation for the system can be written as follows: 

 

𝐶𝑝
𝑑𝑉

𝑑𝑡
+
𝑉

𝑅
+ 𝜃𝑥̇2 = 0 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (3) 

where , 

Cp, The electrical capacitance of the piezoelectric element (F). 

R,  R The electrical load resistance (Ω). 

V,  The generated electrical voltage (V). 

θ , The electromechanical coupling coefficient. 
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 𝑥̇2 , The velocity of the second mass. 

Equation (3) expresses the balance between the current resulting from the distortion of the 

piezoelectric element, the current flowing through the load resistance, and the current stored 

within the element’s electrical capacitance[12]. 

Solving the above equation for the rate of change of voltage, we obtain 

 

𝑑𝑉

𝑑𝑡
= −

𝑉

𝑅𝐶𝑝
−
𝜃

𝐶𝑝
𝑥̇2 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (4)⁡⁡ 

5.3 Matrix Formulation 

To simplify the numerical analysis, the equations of motion are combined into a single matrix as 

follows: 

F(t)= Mx¨+Cx˙+Kx+ΘV                                                                                    (5)  

The mass matrix is represented as following 

𝐌 = [
𝑚1 0
0 𝑚2

] ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (6) 

The damping matrix is 

𝐂 = [
𝑐1 + 𝑐2 −𝑐2
−𝑐2 𝑐2

] ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (7) 

 

Whilst the stiffness matrix is 
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𝐊 = [
𝑘1 + 𝑘2 −𝑘2
−𝑘2 𝑘2

] ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (8) 

 

The electromechanical coupling vector is represented by 

 

𝚯 = [
0
𝜃
] ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (9) 

Whereas the external force vector represents the harmonic excitation acting on the system, as 

follows: 

𝐅(𝑡) = [
𝐹0sin⁡(𝜔𝑡)

0
] ⁡⁡⁡⁡⁡⁡⁡⁡⁡      (10)⁡⁡ 

 

where F_0 represents the amplitude of the external force, whilst ω represents the angular 

frequency of the excitationoo[13]. 

This matrix representation allows for the easy application of numerical analysis techniques and the 

extraction of time-domain and frequency-domain responses; it also provides a suitable basis for 

applying numerical optimisation methods such as the Particle Swarm Optimisation algorithm, 

which is used later in this research. 

5.4 State-Space Representation 

In order to solve the system using numerical methods, the equations of motion have been 

converted to a state-space formulation by defining the state vector as follows: 
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𝐗 =

[
 
 
 
 
𝑥1
𝑥̇1
𝑥2
𝑥̇2
𝑉 ]
 
 
 
 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (11) 

The dynamic system can therefore be written in the general form 

 

𝐗̇ = 𝐀𝐗 + 𝐁𝐔 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (12) 
Matrix A represents the dynamic characteristics of the system, whilst matrix B represents the effect 

of the external force. 

 

5.4 Modle Analysis  

 

Modal analysis is one of the most important steps in the study of dynamic systems with multiple 

degrees of freedom, as it enables the determination of the natural frequencies and mode shapes 

that govern the system’s response under dynamic loads. It is also used to identify the resonance 

ranges that achieve the highest efficiency in converting mechanical energy into electrical energy; 

it is therefore fundamental to the design of piezoelectric energy harvesting systems and the 

optimisation of their performance [11]. 

To derive the natural frequencies of the proposed system, both damping and external excitation 

are neglected, and the equation of motion is reduced to the free-body form as follows: 

𝐌𝐱̈ + 𝐊𝐱 = 𝟎 (13) 
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Since the system’s response is additive, it can be assumed that the displacement takes the following 

form: 

𝐱(𝑡) = 𝚽𝑒𝑗𝜔𝑡 (14) 
 

Where: 

 Φ is the mode shape vector. 

 ω is the natural angular frequency (rad/s). Substituting equation (14) into equation (13) gives 

(𝐊−𝜔2𝐌)𝚽 = 𝟎 (15) 
 

For this system to have a non-zero solution, the determinant of the matrix must be equal to zero, 

that is, 

∣ 𝐊 − 𝜔2𝐌 ∣= 0 (16) 
 

This equation is known as the eigenvalue problem, and solving it yields the natural frequencies of 

the system and their corresponding vibration modes. 

Once the angular natural frequency has been determined, the natural frequency in hertz can be 

calculated from the equation 

𝑓𝑛 =
𝜔𝑛
2𝜋

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (17) 
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where f_n represents the natural frequency of each vibration mode. 

These frequencies are subsequently used to determine the optimum operating range for the 

piezoelectric harvester, as the relative displacement between the two blocks increases as the 

natural frequency is approached, leading to increased mechanical deformation in the piezoelectric 

element and a rise in the electrical power harvested. 

 

5.5 Calculation of Electrical Power and Energy 

 

The assessment of a piezoelectric harvester’s performance depends on the amount of electrical 

power generated across the load resistance, as this power represents the key indicator of energy 

conversion efficiency. 

According to Joule’s Law, the instantaneous electrical power is given by the equation 

𝑃(𝑡) =
𝑉2(𝑡)

𝑅
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (18) 

where: 

    P(t) is the instantaneous electrical power (W). 

    V(t) is the generated voltage (V). 

 R is the load resistance (Ω). 
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As the voltage varies with time, the resulting power is also time-varying; therefore, the average 

electrical power over the simulation period is used to obtain a more realistic value for the system’s 

performance, and is calculated from the equation 

𝑃𝑎𝑣𝑔 =
1

𝑇
∫ 𝑃(𝑡)𝑑𝑡
𝑇

0

⁡⁡⁡⁡⁡⁡⁡⁡ (19) 

where T represents the simulation time. 

The total electrical energy harvested during the operating period is calculated using the following 

equation: 

𝐸 = ∫ 𝑃(𝑡)𝑑𝑡
𝑇

0

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ (20) 

 

Electrical energy is one of the most important indicators used when comparing different energy 

harvesting systems, as it represents the total energy that can be stored or used over a specific period 

of time. 

In addition to electrical power, the root mean square voltage (RMS voltage) is used to assess the 

quality of the output electrical signal, as it represents the equivalent value of a direct voltage that 

produces the same power across a load. 

The root mean square voltage is calculated as follows 

𝑉𝑅𝑀𝑆 = √
1

𝑇
∫ 𝑉2
𝑇

0

(𝑡)𝑑𝑡 (21) 
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This value is used directly when comparing the electrical performance of the conventional single-

degree-of-freedom (1-DOF) system with that of the proposed two-degree-of-freedom (2-DOF) 

system. 

 

5.6 Energy conversion efficiency 

System efficiency is defined as the ratio of the electrical power output to the mechanical power 

input to the system, and can be expressed by the equation[4] 

𝜂 =
𝑃𝑜𝑢𝑡
𝑃𝑖𝑛

× 100 (22) 

Where: 

    P_out represents the electrical power output. 

    P_in represents the mechanical power input. 

This relationship provides a quantitative measure for comparing the efficiency of the proposed 

design with that of conventional systems reported in the scientific literature 

5.7  Summary of the Mathematical Model 

Based on the preceding equations, the proposed system can be represented as an 

electromechanically coupled dynamic system comprising two mechanical equations and one 

electrical equation, which have been integrated into a unified model using matrix representation 
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and state-space formulation. This model is used as the basis for carrying out numerical simulations 

in MATLAB, analysing time-domain and frequency-domain responses, and studying the effect of 

different design parameters on the system’s electrical performance. 

This model forms the basis for all the simulations and analyses presented in this research, including 

modal analysis, time response, frequency response, power and energy calculations, sensitivity 

analysis, and performance optimisation using the Particle Swarm Optimisation (PSO) algorithm. 

 

6. Results  and discasing 

6.1 Time response of displacement 

At Figure (3) illustrates the time response of the system under a harmonic excitation simulating 

vehicle vibrations. The results show a short transient phase during which the displacement 

amplitude increased gradually as a result of energy accumulation in the system, after which the 

response stabilized around a peak value of approximately ±5.7 mm. The asymmetry of some of the 

peaks is attributed to the effects of damping and mechanical losses taken into account in the 

model, which makes the results closer to real-world operating conditions compared to the ideal 

sinusoidal response. These results confirm the ability of the proposed system to provide relative 

motion Sufficient to power the electromagnetic conversion unit and optimize the process of 

harvesting energy from vehicle vibrations. 
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Figure (3) The system’s time response at the natural frequency 

 

6.2 Propose System SDOF and 2-DOF 

Frequency response results show that the conventional system (SDOF) has a single distinct 

resonant peak at the natural frequency, with the vibrational energy concentrated in a narrow 

range around this value. While this behavior achieves high resonant amplification, it limits the 

system's efficiency at varying operating frequencies.  In contrast, the two-block (2-DOF) system 

exhibits more complex behavior, resulting in two resonant peaks due to the coupling of the two 

blocks. This splitting of vibrational modes leads to bandwidth broadening, improving the system's 

ability to respond to a wider range of ambient frequencies.  Furthermore, the introduction of 

damping and experimental noise resulted in  Realistically reducing the intensity of resonant peaks  
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Removing perfect symmetry around natural frequencies Simulating the behavior of actual systems 

in laboratory experiments  Accordingly, the proposed system is more efficient in applications that 

rely on variable vibrations such as vibration energy harvesting, as it provides a stable response 

across a wider frequency range compared to the conventional system. 

 

 

 

 

 

 

 

 

Figur(4) Effect of Mass Coupling on Frequency Response and Resonance Behavior in SDOF and 

2-DOF Systems 

6.3 Frequency Response Analysis and Bandwidth Plot 

in Figure (5) illustrates the frequency response of the proposed two-degree-of-freedom (2-DOF) 

system after normalizing the amplitude to its maximum value, with the aim of highlighting the 
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resonance characteristics and determining the effective operating range of the piezoelectric 

harvester. Two distinct peaks can be observed in the response curve; this behavior is expected in 

multi-degree-of-freedom systems as a result of the two masses being mechanically coupled by 

springs and dampers. Each peak represents one of the system’s natural vibration modes, which 

contribute to the distribution of vibrational energy over a wider frequency range compared to a 

single-degree-of-freedom system. 

The figure also shows the half-power level (−3 dB), which is used to define the boundaries of the 

operational bandwidth. The response curve intersects this level at two frequencies representing 

the lower and upper cut-off frequencies, and the bandwidth was therefore calculated using the 

following relationship: 

Bw = [FH-FL]  where (fH) represents the upper cut-off frequency and (fL) represents the lower 

cut-off frequency. 
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Figure 4. Frequency response of the proposed 2-DOF piezoelectric energy harvester showing the 

−3 dB bandwidth. 

The results of the analysis showed that the bandwidth was 8.60 Hz, indicating the system’s ability 

to maintain a high response across a wider frequency range rather than concentrating around a 

single resonance frequency. This characteristic is one of the most important advantages of two-

degree-of-freedom systems, as it allows the piezoelectric harvester to operate more efficiently 

when environmental excitation frequencies vary, thereby increasing the stability of the electrical 

power output in practical applications. 

It is also notable that the response begins to rise gradually as the frequency increases until the first 

resonance is reached, then drops temporarily before rising again to form the second resonance 

peak; this behavior reflects the transfer of dynamic energy between the two masses as a result of 

mechanical coupling. After the second frequency is exceeded 

6.4 Analysis of the Electrical Power Output 

Figure (5) shows the variation in the electrical power output from the proposed piezoelectric 

harvester as the excitation frequency changes, with the aim of evaluating the system’s efficiency in 

converting mechanical energy into electrical energy within the studied frequency range. The 
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electrical power was calculated based on the voltage generated across the load resistance using the 

equation (P = V²/R). 

It is evident from the figure that the electrical power increases gradually as the excitation 

frequency increases, until it reaches a first maximum value near the system’s first natural 

frequency, where the vibrations achieve the highest amplitude of relative displacement between 

the two masses, leading to increased deformation of the piezoelectric element and a rise in the 

generated electrical voltage. After  passing this region, the power decreases temporarily as the 

system moves away from the resonant state. 

 

 

 

 

 

 

 

Figure (5) Curve showing the electrical power output of the two-degree-of-freedom (2-DOF) 

electro-hydraulic harvester as a function of excitation frequency. 
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As the frequency continues to increase, a second peak of high amplitude appears near the second 

natural frequency, reflecting the behavior of a two-degree-of-freedom system, which allows for 

two active regions for power generation rather than a single resonant region, as is the case in 

single-degree-of-freedom systems. The appearance of these two peaks is clear evidence of the 

success of the proposed design in extending the effective operating range of the piezoelectric 

harvester.  It is also noted that the electrical power decreases rapidly beyond the second natural 

frequency, gradually approaching very small values at high frequencies. This is due to the decrease 

in vibration amplitude as the system moves away from the resonance regions, which reduces the 

mechanical excitation. 

 

7.Conclusion 

This study presented a comprehensive mathematical model of an electrohydraulic energy 

harvesting system based on a two-degree-of-freedom mechanical structure, and its performance 

was verified using numerical simulation in MATLAB. The model relied on the coupling of 

mechanical and electrical equations to accurately describe the system’s behavior under harmonic 

excitation. 

The results of the modal analysis showed that the system has two natural frequencies at 21.35 Hz 

and 42.71 Hz, which led to the emergence of two resonance regions instead of a single one, as is 

the case in single-degree-of-freedom systems. This was directly reflected in the electrical power 
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curve, where two distinct power peaks appeared at the natural frequencies, thereby enhancing the 

system’s ability to harvest energy across a wider frequency range. 

Furthermore, frequency response analysis showed that the system achieved a bandwidth of 8.60 

Hz at the −3 dB level, indicating the proposed design’s ability to maintain effective performance 

as excitation frequencies vary—an important characteristic in practical applications characterized 

by unstable vibrations. 

Based on the results obtained, it can be concluded that the proposed system offers better 

performance than the conventional single-degree-of-freedom system in terms of operating 

bandwidth and improved electrical power response, making it a suitable candidate for powering 

low-power electronic devices, such as wireless sensor networks and Internet of Things (IoT) 

systems. 

The study proposes, in the future, to extend the current model by incorporating numerical 

optimization techniques, such as the Particle Swarm Optimization (PSO) algorithm, to investigate 

the effect of different design parameters on electrical power and bandwidth, as well as to conduct 

an experimental validation using a prototype to compare experimental results with simulation 

results. 
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 دور الذكاء الاصطناعي في تطوير الرياضياا العامة

 العامة لتربية نيروى المديرية -م م  مي حسين صلي قربر 
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 الملخ :      

تأثً ا بشكل واض    أمور اهمها التادم السريل لمرهتياص ال  اء الاصاراصي ال  تمارد  يشهد صالمرا اليوم لولاً  اما وسريعا   مجالح التعلي   يظهر      

المرااللي والتايللي    بلً ا صلللى الأسللاليس التربويللة واسللتراتيتياص الللتعل  والتعلللي  الحديثللة لا سلليما   مجلالح الرذضللياص اللل  تعتمللد بشللكل أساسللي صلللى الت كلل 

ة  و ل ل  توضلي  آثار  صللى ترميلة الكمي  ير ز   ا المسعى الب ثي إلى تسليا الضلوء صللى الل  اء الاصلاراصي ولور    التالدم العلملي للرذضلياص العامل

 .الت ك  الرذضي وزذلة قدراص حل المشكاص بين المتعلمين

رها  الا ربية اتبل الباحث       الدراسة المرهتية الت ليلية والوص ية من خالح الاصتمال صلى مجموصة مختارة من الدراساص الحديثة مرها العربية وم       

 .ء الاصاراصي   مجالح تعلي  الرذضياص ال  تراولتم تابيااص ال  ا

2026)الجرمليد  2024صبلد اللبرد   ; 2024 لولةد   ; ; 2025خضل  وآخلرولد   2026الالريبد   ; 2024متلولي وصيلدد   ; 2023اليونسلكود   ; ;  

( 2021راسل ونورفيةد   

تروصللة أيللارص الرتللا ة إلى أل اللل  اء الاصللاراصي يلعللس لورًا محللورذً   تعزيللز الللتعل  الرذضللي مللن خللالح توضللي  الم للا ي  المجللرلة وتاللديم حلللولح م          

ظهللر الرتللا ة أل  لل   لاسلللحلة باصتبللار أل الرذضللياص  للي حللل مشللكاص وإ  للراء للللياص الألاء ال رليللة اللل  تسللهل الللتعل  التكي للي صللاوة صلللى ذللل  تن

 .لتر ية الرا عة السريعةالمرهتياص تعزز المهاراص المعرفية المتادمة مثل الت ليل والاسترتاي والت س  الرذضي من خالح توف  بيلحاص تعليمية ت اصلية تتميز با

من ذل  د أبرزص الدراسة أل الاصتمال الم رش صلى ال  اء الاصلاراصي يمكلن أل يلؤلي إلى تلد ور المهلاراص الأساسلية رلا   ذلل   وصلى العكس          

 الحسار ال  ب والت ك  الرادي المستال  

mailto:mai2023h@gmail.com
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وخللل  الب للث إلى أل  راللل  تكللاما  بلل ا بللين اللل  اء الاصللاراصي والرذضللياص بحيللث لللدل قواصللد تاريللاص اللل  اء الاصللاراصي بشللكل أساسللي          

البيا ص والادراص الت ليلية  و رال  لصوة من خلالح  ل   الدراسلة إلى تابيلح  ل   التاريلاص    بالمبالئ الرذضيةد بيرما تجب الرذضياص فوا د من معالجة

يزيللد مللن المللزاذ التربويللة مللل اايللة المهللاراص المعرفيللة الأساسللية للمتعلمللين وفللت  آفللاق  بلل ة للتابياللاص   مجللالح   المجللالح التعليمللي بشللكل ا ثللر حداثللة وتاللدم

 سار ال  ب المهاري وترمي  البرامة الحديثة والمتادمة ال  تُدم الرذضياص وباقي العلوم الأخرى  الرذضياص مثل مسابااص الح

 الكلماص الم تاحية: ال  اء الاصاراصيد الرذضياص العامةد المرهتياصد المهاراص المعرفيةد الحسار ال  بد الت ك  الرادي

 

 

 المادمة:

ل تادماً  ب اً   مرهتياص ال  اء الاصاراصي وا  علها واحدة من ا ثر الألواص  التكرولو ية اهمية   مختلي قااصاص من الضروري الايالة ا           

  رذضياص احد المجالاصالو ول لا سيما   مجالح التعلي  اصب    ا التاور مكوً  أساسياً   صياغة المرا ة  المعاصرة والاستراتيتياص التربوية يمثل تُر  ال

المشلكاص  لعبلتم ال  تستمد ا   ال وا د من ال  اء الاصاراصي واصتبار   لاص  لهاد نظلراً لاصتمال لا   برلاء قواصلد ا صللى الت كل  المراالي وقلدراص حلل 

سلللللحلة الرذضللللية     ) التابياللللاص ال  يللللة لوراً محللللورذً   تعزيللللز فهلللل  الاللللار المبللللالئ الرذضللللية مللللن خللللالح تاللللديم توضللللي اص ت اصليللللة وحلللللولح متروصللللة للأ

MutoliandEid, 2024 ) 

بضللرورة  ال حللرل  المؤسسللاص التعليميللة  والتربويللة صلللى تاللديم ولسللين الجهللول المب ولللة والألاء اللل ي يتميللز بالك للاءة باصتبللار ال  راللل  زذلة وصللي       

انتاي مخر اص ذاص  ولة صالية ومرافسة الاااصاص ال  تعتمد موا بة الت ولح الرقمي ساصد   تعزيز استخدام ال  اء الاصاراصي من ا ل سرصة الإنجاز و

ة والمبللالراص برللورة  بلل ة ومتزايللدة صلللى التاريللاص ال  يللة واسللتثمار ا بعللد تللدريس المعلمللين  والمدرسللين صلللى اسللتخدامها  ولا نرسللى الللدص  مللن قبللل الحكوملل

الى التوسل   إقامة البرامة التدريبية  من ا ل التاوير المهب وا الى الى الرغبة الكب ة   الوطرية ال  تدف الى الابتكار   مجالح الت ولح الرقمي   اضافة  

تل للمدرسلين استخدام     التارياص  ومن المل تم لانتبا  أل التابيااص ال  يلة تسل   بسلرصة الو التالور المسلتمر والسلهولة   الاسلتخدام و لو املر مشل

          (     2025ي                           ) اظ د  من ا ل لمجها   مجالاص التعل
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 مشكلة الب ث:

  رال  سؤالح يدور   آفاق المهتمين بالحداثة واستخدام التارياص التكرولو ية وال ي  و ن سا مشكلة الب ث   ا ويكول  التالي:         

                 ما  ي أهمية ال  اء الاصاراصي   تعزيز الرذضياص العامة وترمية الت ك  الرذضي؟    

 ا داف الب ث:   

   لإ راء الت ليل ارال بتاث  ال  اء الاصاراصي صلى تعلي  الرذضياص ١

   لتوضي  قث   صلى تادم الت ك  الرذضي ٢

   لتوضي  العاقة المتباللة بين الرذضياص وال  اء الاصاراصي ٣

   لتايي  الت دذص المحتملة صلى المدى البعيد  ٤

 أهمية الب ث:  

رق تللدريس  الرذضللياص وتاللديم حلللولح ا ثللر فاصليللة لمللن يسلل لح صللن اهميللة اللل  اء الاصللاراصي   الرذضللياص حيللث سللا   اللل  اء الاصللاراصي   تاللوير طلل

2024للمشكاص الرذضيةد  ما ساصد   لسين مستوى الت اصل ملل الم لا ي  الرذضلية المعالدة )متلولي وصيلدد  (  2024صبلدالبرد  ;  واحلد ملن أ ثلر  

ف  إلى إلاللاء ريللاص المعاصللرة تميللزًاد إلى  انللس الللدور الحاسلل  للرذضللياص  عللل  أساسللي   تاللوير الت كلل  العلمللي  تأا  لل   الدراسللة الت ليليللة اللل  تللدالتا

ص بكلل حداثلة املام الضوء صلى مرهتياص الاست الة من التارياص الحديثة لرفل مستوى  ولة التعللي   وبرلاء  يلل قلالر صللى اتُلاذ الالراراص وحلل المشلكا

 التادم السريل لل  اء الاصاراصي 

الاولح:الاطار الم ا يمي  المب ث  

شللرية مثللل  اللل  اء الاصللاراصي: يشللكل اللل  اء الاصللاراصي قسللماً فرصيللا مللن صلللوم الكمبيللوتر اللل ي ياملل  الى إنشللاء أنظمللة قللالرة صلللى محا للاة المعرفللة الب١

خدام الاسس الرذضية مثا الجبر اراي والت اضل والتكامل وتابيح اروارزمياص الرذضية والإحرا ية التعل  والت ك  واتُاذ الارار من خالح است  
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كل  المراالي وحلل  الرذضياص العامة: تشمل الرذضياص العامة مجموصة من البديهاص والم ا ي  والاسترتا اص ال  تلزول الأفلرال بالمشلار ة   صمليلاص الت ٢

 المشكاص اليومية وفه  العاقاص العدلية 

 ل ور صميالة   العاقة بين ال  اء الاصاراصي والرذضياص العامة: العاقة مبرية  بشكل أساسي صللى التكاملل بيرهملا ال أنظملة الل  اء الاصلاراصي لهلا ٣

 (       Goodfellowetal., 2016  المبالئ الرذضيةد بيرما تسهل     الأنظمة تعزيز فه  وتابيح الم ا ي  الرذضية )  بشكل أساسي

ريل العملياص المب ث الثاني : لور ال  اء الاصاراصي   الرذضياص حيث يلعس ال  اء الاصاراصي لورا محورذً   الرهو  بتعل  الرذضياص من خالح تس

 عدلة وتبسيا الم ا ي  الرذضية وتسهيل  تجارر التعل  الشخرية والكي ية  وتايي  الاء المتعل  وقد ج إثباص    ا الدور الحسابية المعادة وتوف  حلولح مت

2026)الجرميد  2024 ولةد   ; ( 2025خض  وآخرولد   ;  

 رال  لور اخر لل  اء الاصاراصي  و توسيل افاق الدراساص الرذضية خاصة صرد و ول بيا ص ضخمة ال  يرعس التعامل بالارق الاصتيالية           

 يزذءد صل  الحاسور وباقي العلوم الأخرى التاليدية   مجالاص الهردسةد الاقترالد الاسد ال 

يرتاللل مللن مسللتوى ت كلل ي الى مسللتوى اخللر وفاللاً للاللدراص العاليللة اللل  يتمتللل  للا وللليس وفللح الرللي  وكللن للاالللس   و للول  لل   التاريللة ال          

  ,2024الدراسلللللي فالللللا  و للللل ل  وكلللللن ال يرلللللتة تاليلللللل لل تلللللواص التعليميلللللة المو لللللولة بلللللين المتعلملللللين بكلللللل مرونلللللة وفاصليلللللة ضلللللمن العمليلللللة التربويلللللة ) 

OpesemowoandAdewuyi                                                                                 ) 

 المب ث الثالث: الت ك  الرذضي 

صة وذ ية يسا   ال  اء الاصاراصي   ترمية مهاراص الت ك  العالية والمعر  العميح لدى الدارسين   مجالح الرذضياص و توف  بيلحاص تعل  مترو            

 (   وذل  من خالح:2026الاريبد  ;2024)مرا ىد 

اسلتخدام الت كل  المراالي والت كل  الت ليللي للدى الدارسلين ملن خلالح خاللواص إريلالية تملر  فهل  اليلة الحلل ولليس فالا الحرلولح صللى الرتيتللة   1

                                                       (  Luckinetal., 2016الرها ية والوصولح الى حل للمشكاص  )

يرت لل مسللتوى ال هلل  والت كلل   الوقلوف صلللى ناللاش الضلعي والاللوة لللدى المتعلملين وتاللديم أنشللاة واختبلاراص تتراسللس مللل قلدرات  وبالتللالي سللوف  2

 ( 2023برورة تدرعية ومتساة ) يونسكود  
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س مه   دا   خلح ربا الم ا ي  مل بعضها من قبل المتعلمين وترتيس خاواص الحل من نتا ة استخدام تابيااص ال  اء الاصاراصي و    ان  3

                                   (                 Zawacki-Richteretal., 2019ت ك  استدلالي رستوى صالي )

الكشللللللي صللللللن الأخاللللللاء والايللللللام بترلللللل ي ها بالوقللللللتم المراسللللللس وللللللا يسللللللاصد صلللللللى تاللللللوير ولسللللللين الاللللللدرة صلللللللى حللللللل المسللللللا ل الرذضللللللية )   4

Holmesetal., 2019 ) 

ت كل  ماارنة الحلولح للمسالة الواحدة ال  تابل ا ثر من طرياة من قبلل المتعلملين واختيلار الأفضلل مرهلا و ل ا سلوف يرلتة صرلا مرونلة   العالل و  5

 ( OECD ,2021داصي    )إب

 (  2026صاوة صلى ذل د فإنا يخلح بيلحاص تعليمية ت اصلية تعزز ال ه  العميح )الاريب د

لحلة الرذضلية وا تادم يمكن تعريي الت ك  الرذضي بانا فه  العديد من المبلالئ والم لا ي  الرذضلية ولليلل الرتلا ة  وا تشلاف الرليي المراايلة للأسل         

  NCTM , 2014اوم  ا ال رل رساصدة مهاراص الاسترتاي والبر ال والتعمي  والحك  المبب صلى ال رضياص الر ي ة    ) من خالح صملياص صالية ي

 ) 

 المب ث الرابل:     

التكرولو ية: ال العملية التعليمية تُاو بسرصة  ب ة الو الحداثلة ب ضلل تاريلاص الل  اء الاصلاراصي و ل ا لدذص الاصتمال الم رش صلى التارياص           

لياتللا مللن لليللل يعتللبر ذو أهميللة بالرللة بالرسللبة للمتعلمللين لاوللا تللوفر ألواص مختل للة تسللاصد صلللى تر يلل  الرشللاطاص التعليميللة   مجللالح تللدريس الرذضللياص وصم

رذضية مبساة اصب  لل  اء الاصاراصي  من ا ل توف  بيلحة تعليمية  يدة وتعل  فرلي متميز وم ا ي  .ديم التر ية الرا عة برورة فورية الألاء بدقة الى تا

 ( Holmes et al ., 2019 لور  ب  لكن  را  لدذص  ب ة توا ا     التارية وفعاليتها وأ دافها )

 وتكمن الت دذص   ما يأا:        

ة لت ايلح صدم املتا  المعلملين المهلاراص الحديثلة الكافيلة الل  تمكلره  ملن اسلتخدام ألواص الل  اء الاصلاراصي المراسلبة والمهلاراص الرقميلة المتادمل   1

 .(2023)يونيسكو د  الأ داف التعليمية 
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تارياص ال  اء الاصاراصي اضافة الى الحرولح صلى الحلولح الجا زة  وكن ال يتعر  لور المعل  الى التاليل بسبس الإفراش الزا د   الاصتمال صلى  2

  ( Luckinetal  ., 2016بدول المرور بال ه  العميح لمواضيل الرذضياص                  )

ص اللل  تعايهللا تاريللاص اللل  اء الاصللاراصي لانللا   بعللن الأحيللال لا تكللول بالدقللة المالوبللة وبالأخلل  عللس صلللى المعلمللين الت  للد مللن الإ للابا  3

 .(2023مواضل المبر راص ) يونيسكود 

    (                           OECD , 2021صرد الاء الاختباراص صن طريح الأ هزة ال  ية سوف يكول الإنجاز لول فه    )  4

ة لللولح لول  رللل  صللايح  للدا مهلل  يوا للا العمليللة التعليميللة و للو صللدم تللوفر الأ هللزة الحديثللة للتعلللي  الإلكللتروني مللزولة بالإنترنللتم والللبرامة المتاللور  5

     ( OECD  , 2021) الاست الة التامة 

)السللاقاطيد     ال الاسلتخدام غل  الملرظ  للتاريللاص الحديثلة   الل  اء الاصللاراصي للا قثل   بلل اً صللى الت كل  المسللتال للااللس               6

2025       ) 

 المب ث ارامس: مستابل ال  اء الاصاراصي   الرذضياص

ة ال هلل  يشل  مسللار الحيللاة  المسللتابلية  إلى لمللة تللدرعي للل  اء الاصللاراصي   الأطللر التعليميللةد مللل التر يللز صللى لصلل  الللتعل  ال للرلي وتعزيللز  للول         

(   وسيرب   زء اساسي ملن مسلتابل الرذضلياص سلواء 2023 ك  الت ليلي )اليونسكود الرذضيد مل الح اظ صلى لور المتعل    صملياص الت ك  والت

 ( من خالح ما يأا : 2025الشراياي والحسند  ;2025  التعل  او البيا ص الرذضية )خض  وآخرولد 

تعل  مستوى وسرصة تعل  تتراسس مل المساراص التعليمية ال رليلة الل  يرلممها الل  اء الاصلاراصي  تسلاصد صللى معالجلة  وانلس الضلعي لكل م  1

                                                  (  Luckinetal   ,2016برورة لقياة وفعالة  )

  ,2021تللوف  بيلحللة تعليميللة ذ يللة للمتعلمللين حيللث يحرللل لمللة الواقللل الحاياللي مللل الواقللل المسللاند مللن أ للل اسللتيعار وفهلل  افضللل      )  2

OECD  ). 

  المسلتوذص العاليلة     ظل تارياص ال  اء الاصلاراصي سلوف يكلول ترل ي  الأخالاء وتالديم التر يلة الرا علة ولسلين الاء المتعلملين الرذضلي  3

                     (                     2023)يونيسكود 



 

~ 153 ~ 
 
 

ة لراسية سوف تسهل اصدال ا ضمن التارية الجديدة وترمي  مختلي الأنشاة والاختباراص الرذضية والحرولح صلى نتا ة خاضعة لكل معل  خا  4

  .,  2019وللللللللللللللللللللا يمللللللللللللللللللللر  وقللللللللللللللللللللتم وفلللللللللللللللللللل  و هللللللللللللللللللللد مللللللللللللللللللللل التر يللللللللللللللللللللز صلللللللللللللللللللللى الجوانللللللللللللللللللللس التربويللللللللللللللللللللة والتعليميللللللللللللللللللللة والإنسللللللللللللللللللللانية ) .للت ليللللللللللللللللللللل 

Holmesetal                                     )                                                     

 ترمية مهاراص الت ك  الإبداصي وطرق حل المشكاص وا يشتل صلى الت ليل والاستدلالح للمتعلمين    5

   (2019 ,.  ZawackiRichteretal ) 

 اراتمة:

رتاي يب ث صرا الكثل ول و لو ال الل  اء الاصلاراصي يعملل  ل لاة فعاللة   الرهلو  بتعللي  الرذضلياصد وملل توصلتم الدراسة الت ليلية الى ا   است       

و  العرلر الحلديث   ذل د فإنا يتالس تابياا حكيما يدمة الرور الحديثة للتكرولو يا ملل ترميلة المهلاراص المعرفيلة  لتسلهيل نتلا ة اللتعل  ال عاللة والدا ملة 

صاراصي من المحر اص  الر يسية لتاور الرذضياص سواء  ال   التعلي  او التابيااص العلمية  ومن ا ل تاور تالب افضلل علس ال تتكاملل يعتبر ال  اء الا

                                                                             ( OpesemowoandAdewuyi    , 2024اربرة التربوية مل اربرة التكرولو ية   ا واء أمرة او المستابل )

 التوصياص :

  رال  توصياص نتتتم صن     الدراسة مرها ربا تابيااص ال  اء الاصاراصي   مرا ة الرذضياصد وتدريباص المعلمين صلى الاستخدام الأمثل        

صلى الأنظمة ال  ية   ما توصي بإ لراء له   التارياص الحديثةد مل الت  يد صلى أهمية الح اظ صلى لور المتعل    الت ك  والت ليل وصدم الاصتمال الكامل 

رليلة بلين المتعلملين المزيد من الدراساص حولح أثر ال  اء الاصاراصي   ترمية مهاراص الت ك  الرذضي لدى مختلي المراحل التعليمية  مل مراصلاة ال لروق ال 

للليس فاللا  ونللا ألاة للايللاد اراصللة بالامت للال الرهللا ي ف سللس وااللا  والت اللح مللن المللالة العلميللة قبللل تاللديمها    اسللتخدام اللل  اء الاصللاراصي   التاللويم

 يهدف الى  متابعة  تادم المتعل  أثراء صملية التعل  
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 المرالر:

 المرالر العربية:

(  استخدام تابيااص ال  اء الاصاراصي   تدريس الرذضياص ) بين الآمالح الواصدة والمحاذير الوا بة(  مجلة  لية التربيةد  امعلة 2024صبدالبرد ع  م  )

  138–112(د 4)35المروفيةد 

  547–536د (39)10(  لور ال  اء الاصاراصي   لسين تعل  الرذضياص   التعلي  العالي  مجلة العلوم الشاملةد 2026الجرميد إ  ا     )

ا   الرذضياص بالمرحلة الجامعية  مجلة  لية (  بر مة تعليمي إريالي قا   صلى ال  اء الاصاراصي التول2024 ولةد د     م  ) يدي للمتعثرين أ اليميً

  82–57(د 2)39التربيةد  امعة برهاد 

(  تابياللللاص اللللل  اء الاصللللاراصي   تعلللللي  الرذضللللياص: لراسللللة ميدانيللللة صلللللى مدرسللللي 2025خضلللل د لح  ا د العيثللللاويد م  ل د وسللللعالةد ي  أ  )

  286–245(د 2)38الرذضياص ومدرساتا   المرحلة المتوساة والإصدالية  بحوث صربية   مجالاص التربية الروصيةد 

  779–771(د 36)9(  الللللللللل  اء الاصلللللللللاراصي واللللللللللتعل  التكي لللللللللي   تلللللللللدريس الرذضلللللللللياص  مجللللللللللة العللللللللللوم الشلللللللللاملةد 2025السلللللللللاقاطيد ل  م  )

https://cjos.histr.edu.ly/index.php/journal/ar/article/view/283 

صاراصي التوليدي   تعلي  الرذضياص  المجلة الدولية للعلوم (  آراء المعلمين والمعلماص حولح استخدام ال  اء الا2025الشرايايد ع د والحسند ر  ع  )

 https://faculty.ksu.edu.sa/ar/alhassan/publication/418676  286–255(د 1)4التربوية والإنسانية المعاصرةد 

اء الاصلاراصي   ترميلة مهلاراص الت كل  العليلا   الرذضلياص الالا   صللى الل   Photomath(  فاصلية استخدام تابيلح 2026الاريبد غالة سعول  )

 .193–171د (128)د Journal of Arts, Literature, Humanities and Social Sciences .بالمرحلللة المتوسللاة

JALHSS.128.2026.1622https://doi.org/10.33193/ 

 

   ال  اء الاصاراصي   تعلي  الرذضياص: و هاص الرظر(2024توليد ع  د د وصيدد ل  ي  )م

 المعاصرة وتكرولو يا التعلي   والممارساص والت دذص  مجلة المرا ة

https://faculty.ksu.edu.sa/ar/alhassan/publication/418676
https://doi.org/10.33193/
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التساولح الر ي باستخدام بعلن تابيالاص الل  اء الاصلاراصي   التلدريس لترميلة العملح المعلر  (  بر مة ماتر    مهاراص 2024مرا ىد أ  م  م  )

 للاار المعلمين بشعبة الرذضياص  بحوث صربية   مجالاص التربية الروصية 
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Visible-Light-Driven Metal-Free C–H Alkylation of Electron-Deficient N-

Heteroarenes Catalyzed by Lawsone Isolated from Lawsonia inermis 

المديرية العامة لتربية بردال الكرا الثانية -أسماء صباد صبدالله العبالي   

ASSMA ABBAS ALABADY 

 

Abstract 

The direct C–H alkylation of electron-deficient N-heteroarenes is an effective approach to 

quickly create diversity in important pharmaceutical scaffolds. However, we often need expensive 

metal photocatalysts or carefully-designed radical precursors. Lawsone is a biomass-derived 

organophotocatalyst for visible-light-driven Minisci-type alkylation suggested in this paper. 

 The isolated chromophore exhibited a low-energy absorption band centered at 450 nm and was 

applied in the presence of blue-light irradiation with alkyl carboxylic acids and potassium 

persulfate. Yields of 12-product substrate set comprising quinoline, pyridine, pyrazine, 

pyrimidine, and quinoxalinone derivatives isolated in 48-88% (mean 70.4%, median 70.5%). The 

control experiment highlights that for productive conversion to happen, both light and lawsone 

are required. The sodium cyclohexanecarboxylate quenched the emission of lawsone with a 

Stern–Volmer constant of 127 M⁻¹. When they added the compound TEMPO, product 

formation stopped. A TEMPO-cyclohexyl adduct was observed and confirmed through GC-MS.  

Using light and dark periods showed that irradiation is required to continue conversion. The 

observations collectively support a radical photo-redox pathway that involves the reductive 
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quenching of photoexcited lawsone by a carboxylate donor model, decarboxylation and a Minisci 

addition to an N-heteroarene. This study results position a naturally sourced quinone 

chromophore as a promising platform for metal-free visible-light C–C bond formation while also 

defining the mechanistic and reproducibility data required for further development. 

Keywords: visible-light photocatalysis; C–H functionalization; lawsone; biomass-derived 

organophotocatalyst; Minisci reaction; N-heteroarenes 

1. Introduction 

Medicinal chemistry often uses N-heteroarenes which are deficient in electrons.  Directly 

installing carbon substituents onto the rings provides a short and effective strategy. The reaction is 

what is known as a radical addition. It occurs on an activated heteroaromatic ring. It quickly 

follows with rearomatization. This reaction is called the Minisci reaction. To this day, one of the 

best innate C–H functionalization methods remains for these scaffolds. [1]. Radicals can exist in a 

pool that is hard to reach. Unlike traditional methods, modern photoredox variants can produce 

radicals at far lower energies. As a result, latest photoredox varieties have increased the pool of 

available radicals and greatly reduced the thermal burden of. [2], while Jin and MacMillan showed 

that alcohols can serve as latent alkylating fragments through photoredox/HAT catalysis [3]. 

Further research has broadened heteroarene alkylation to include various types of radicals and 

halides. [4–8]. 

The growing interest in photoredox catalysis and metallaphotoredox catalysis for the 

introduction of geminal difluoroalkyl groups has led to several desulfurization methods involving 
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precious-metal photosensitizers. [5], micellar photoredox/bromide catalysis [9], and newer 

organophotocatalytic C(sp³)–H activation platforms [12]. Excited states can render a generic 

version of the Minisci radical generation (Storck et al., 2019; Dawood et al., 2021; Hu et al., 

2021; Zhong et al., 2021), however, naturally occurring quinones as chromophores have been 

relatively underexploited to exert catalytic control. [14,15]. The henna-derived chromophores 

ability to photosensitize has also been established by us in a light-driven materials system [16]. The 

research evaluated the performance of Iraqi Lawsonia inermis as an organophotocatalyst for an 

alkylation reaction.  The study design was developed around various questions that require 

confirmation- whether the isolated chromophore accomplishes a visible light C–C bond forming 

reaction, whether the method tolerates multiple classes of electron-deficient N-heteroarenes, 

whether light, catalyst, and radical controls are consistent with photoredox reactivity, and how 

the yield distribution compares across the substrate panel. As a result, our claim to novelty is 

limited to this tested catalytic use, while it is not extended to crude henna.. 
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2. Experimental Section 

2.1 Materials, instrumentation, and laboratory controls 

All commercially available chemicals were used as received where not otherwise stated. Henna 

leaves were gathered in Iraq’s Wasit Governorate town of Al-Kut in March 2025.  NMR spectra 

were recorded on a Bruker Avance 500 MHz.  HRMS data were measured with Thermo 

Scientific LTQ Orbitrap XL.  UV–Vis spectra were recorded on a Shimadzu UV-1800.  

Fluorescence measurement used a Jasco FP-8300.  In a suitable institutional chemistry laboratory, 

trained staff performed photochemical studies using appropriate risk assessments, shielding and 

instrument operating procedures. 

2.2 Isolation and characterization of lawsone 

We performed Soxhlet extraction using 95% ethanol on a 100 g powder of henna leaves. The 

powder was dried in open air and ground. The vacuum extraction was concentrated and 

crystallized in ethanol/water (3:1). Subsequently, a crystalline orange isolate was obtained which is 

identified as lawsone . 

UV–Vis (EtOH) λmax (log ε): 270 (4.12), 335 (3.63), 450 (3.31) nm. ¹H NMR (500 MHz, 

DMSO-d₆): δ 11.82 (s, 1H, OH), 8.06 (dd, J = 7.6, 1.3 Hz, 1H, ArH), 7.97 (dd, J = 7.6, 1.3 Hz, 

1H, ArH), 7.85 (td, J = 7.6, 1.3 Hz, 1H, ArH), 7.78 (td, J = 7.6, 1.3 Hz, 1H, ArH), 6.35 (s, 1H, 

H-3). FTIR (KBr, cm⁻¹): 3420 (br, O–H), 1672 (C=O), 1640 (conj. C=O), 1590, 1450. These 

assignments are consistent with the quinone chromophore and the spectral behavior reported for 

lawsone-containing systems [14,15]. 
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2.3 General photocatalytic alkylation procedure 

The model transformation used heteroarene (0.20 mmol), alkyl carboxylic acid (0.40 mmol), 

K₂S₂O₈ (0.40 mmol), and lawsone (0.004 mmol, 2 mol%) in DMSO/H₂O (1:1 v/v, 2 mL) under 

450 nm blue-light irradiation and an inert atmosphere for 24 h at an internal temperature of 28–

30 °C. Products were isolated by aqueous workup, organic extraction, drying, concentration, and 

chromatographic purification. Exact reactor geometry, incident photon flux, vessel-to-light 

distance, and analytical calibration were not quantified in the present dataset and are therefore 

treated as reproducibility limitations. 

2.4 Mechanistic experiments 

For fluorescence quenching, a 5 × 10⁻⁵ M lawsone solution in DMSO/H₂O (1:1) was excited at 

450 nm and emission at 530 nm was monitored while sodium cyclohexanecarboxylate was added. 

KSV was determined from the slope of I₀/I versus quencher concentration. Radical-trapping 

experiments used TEMPO under the reported model conditions and the crude mixture was 

examined by GC–MS. In the light/dark experiment, the model reaction was alternated between 4 

h irradiation and 4 h dark periods, with aliquots analyzed by GC. 

2.5 Data treatment and reproducibility 

Optimization results are reported as GC yields using n-dodecane as internal standard, with the 

isolated yield shown in parentheses where available. The substrate-scope table reports mean 

isolated yields from two runs (n = 2). Because replicate-level yields are not reported in the present 

dataset, replicate standard deviations and inferential hypothesis tests are not presented. Instead, the 
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12 reported mean isolated yields were summarized descriptively by mean, sample standard 

deviation, median, interquartile range, range, and coefficient of variation. Because the 12 

substrates are chemically non-equivalent, these statistics describe the distribution of reported 

scope yields and must not be interpreted as replicate precision or a formal comparison of substrate 

classes. 

3. Results and Discussion 

3.1 Optical characterization of the isolated lawsone 

The UV–Vis spectrum of the isolated chromophore shows three bands centered at 270, 335 and 

450 nm (Figure 1). The low-energy band coincides with the emission range of 450 nm blue LEDs 

utilized within the reaction screen. This finding offers an experimental basis to examine the 

isolated substance under blue light. It does not on its own assign excited state redox potential or 

spin multiplicity requiring electrochemical and time-resolved photophysical measurement.4 
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Figure 1. UV–Vis absorption spectrum of lawsone isolated from Iraqi Lawsonia inermis (EtOH, 

25 °C). 

3.2 Optimization and control experiments 

We chose the alkylation of 4-methylquinoline with cyclohexanecarboxylic acid as model 

reaction. The control matrix indicates no product occurrence in the dark as per the data in entries 

1 and 14. No effective conversion takes place in the dark with lawsone (Table 1). The GC yield 

under irradiation after removing lawsone provides only 5% (entry 3). The standard conditions 

presented yield a GC yield of 78% and an isolated yield of 75% (entry 2). DMSO/H2O (1:1) is 

better than the others tested (MeCN/H2O and water) and in entry 1 as K2S2O8 is better than the 

others (ammonium and sodium persulfate) tested (entries 2 and 4–8).  Lessening of. 

Table 1. Optimization of reaction parameters 

Entry Variation from standard conditions Yield (%) 

1 No light, no lawsone 0 

2 No light 0 

3 Dark, lawsone (2 mol%) 0 

4 No lawsone 5 

5 None (standard) 78 (75) 

6 CH₃CN/H₂O (1:1) instead of DMSO/H₂O 53 
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Entry Variation from standard conditions Yield (%) 

7 H₂O only 22 

8 (NH₄)₂S₂O₈ instead of K₂S₂O₈ 68 

9 Na₂S₂O₈ instead of K₂S₂O₈ 61 

10 1.5 equiv K₂S₂O₈ 65 

11 Riboflavin (2 mol%) instead of lawsone 62 

12 Lawsone 1 mol% 75 

Standard conditions: model heteroarene (0.20 mmol), carboxylic acid (0.40 mmol), K₂S₂O₈ (0.40 

mmol), lawsone (2 mol%), DMSO/H₂O (1:1), 450 nm irradiation, 24 h. GC yield with n-

dodecane internal standard; isolated yield in parentheses. 
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Figure 2. Optimization and control profile for the model reaction. Values are the GC yields 

reported in Table 1. 

3.3 Substrate scope 

The reported scope includes 12 products spanning quinoline, pyridine, pyrazine, pyrimidine, 

and quinoxalinone frameworks (Table 2). Electron-deficient azaarenes generally gave moderate-

to-good yields, with the highest isolated yield obtained for the quinoxalin-2(1H)-one derivative 

3g (88%). 4-Cyanopyridine afforded 3d in 85%, while 6-chloroquinoline gave 3b in 82%. The 

scope also includes secondary, tertiary, arylmethyl, and protected heterocyclic radical precursors. 

The lower yield for 2-phenylquinoline (3l, 48%) is consistent with a less favorable combination of 

steric and electronic effects at the reactive position, but this interpretation remains qualitative 

without rate or competition experiments. Recent Minisci studies similarly show that radical 

precursor class and heteroarene activation strongly influence efficiency and site selectivity [10–13]. 

Table 2. Substrate scope of lawsone-catalyzed C–H alkylation 

Product Heteroarene Carboxylic acid 
Isolated 

yield (%) 

3a 4-Methylquinoline Cyclohexanecarboxylic acid 75 

3b 6-Chloroquinoline Cyclohexanecarboxylic acid 82 

3c 
Methyl quinoline-3-

carboxylate 
Cyclohexanecarboxylic acid 71 
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Product Heteroarene Carboxylic acid 
Isolated 

yield (%) 

3d 4-Cyanopyridine Cyclohexanecarboxylic acid 85 

3e Pyrazine Cyclohexanecarboxylic acid 72 

3f Pyrimidine Cyclohexanecarboxylic acid 67 

3g Quinoxalin-2(1H)-one Cyclohexanecarboxylic acid 88 

3h 4-Methylquinoline 
Tetrahydro-2H-pyran-4-carboxylic 

acid 
70 

3i 4-Methylquinoline Pivalic acid 65 

3j 4-Methylquinoline 4-Methoxyphenylacetic acid 64 

3k 4-Methylquinoline N-Boc-piperidine-4-carboxylic acid 58 

3l 2-Phenylquinoline Cyclohexanecarboxylic acid 48 

Conditions as in Table 1, entry 5. Values are mean isolated yields from two reported runs. For 3a, 

the isolated yield (75%) is used rather than the GC yield (78%). 
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Figure 3. Isolated-yield profile across the 12-product substrate scope. The dashed line represents 

the descriptive mean (70.4%). 

3.4 Descriptive summary of scope yields 

Across the 12 reported mean isolated yields, the descriptive mean was 70.4% and the median 

was 70.5%. The sample standard deviation across chemically different substrate means was 11.4 

percentage points, the interquartile interval was 64.8–76.8%, and the full range was 48–88% 

(Table 3). The coefficient of variation of the scope-yield distribution was 16.1%. These metrics 

are included to summarize the breadth of the reported scope; they are not a substitute for 

replicate-level uncertainty because individual yield values from the two runs are not reported in 

the present dataset. 
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Table 3. Exploratory descriptive statistics for reported substrate-scope yields 

Statistic Value 

Number of products (n) 12 

Mean isolated yield 70.4% 

Median 70.5% 

Sample SD across product means 11.4 percentage points 

Q1–Q3 64.8–76.8% 

Minimum–maximum 48–88% 

Coefficient of variation 16.1% 

Descriptive summary across chemically non-equivalent products. Values do not quantify replicate 

precision and no inferential comparison is claimed. 

3.5 Representative product characterization 

2-Cyclohexyl-4-methylquinoline (3a). Pale yellow oil. ¹H NMR (500 MHz, CDCl₃): δ 8.09 

(d, J = 8.4 Hz, 1H), 7.96 (d, J = 8.4 Hz, 1H), 7.68 (ddd, J = 8.4, 6.9, 1.3 Hz, 1H), 7.52 (ddd, J = 

8.4, 6.9, 1.2 Hz, 1H), 7.18 (s, 1H), 2.93 (tt, J = 11.5, 3.4 Hz, 1H), 2.72 (s, 3H), 2.10–1.99 (m, 

2H), 1.97–1.87 (m, 2H), 1.82–1.73 (m, 1H), 1.71–1.60 (m, 2H), 1.51–1.36 (m, 2H), 1.34–1.22 

(m, 1H). ¹³C NMR (126 MHz, CDCl₃): δ 163.4, 147.7, 144.4, 129.9, 129.2, 126.9, 125.2, 
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123.8, 118.7, 45.0, 32.8 (2C), 26.5, 25.9 (2C), 19.0. HRMS (ESI) m/z [M+H]⁺ calcd for 

C₁₆H₂₀N 226.1590; found 226.1594. 

2-Cyclohexyl-4-cyanopyridine (3d). White solid, mp 48–50 °C. ¹H NMR (500 MHz, 

CDCl₃): δ 8.80 (d, J = 5.0 Hz, 1H), 7.79 (s, 1H), 7.44 (dd, J = 5.0, 1.3 Hz, 1H), 2.79 (tt, J = 11.2, 

3.5 Hz, 1H), 2.03–1.93 (m, 2H), 1.89–1.80 (m, 2H), 1.77–1.68 (m, 1H), 1.63–1.51 (m, 2H), 

1.45–1.28 (m, 3H). HRMS (ESI) m/z [M+H]⁺ calcd for C₁₂H₁₅N₂ 187.1230; found 187.1233. 

3.6 Mechanistic evidence and working hypothesis 

Sodium cyclohexanecarboxylate quenched the steady-state emission of lawsone, producing a 

linear Stern–Volmer relationship with KSV = 127 M⁻¹ (Figure 4). Within the limits of steady-state 

data, the result is consistent with an interaction between the carboxylate donor model and 

photoexcited lawsone. A definitive assignment of dynamic electron-transfer quenching would 

require excited-state lifetime measurements, and the use of a sodium carboxylate in the 

quenching experiment should not be assumed to reproduce every acid–base microenvironment of 

the preparative reaction. 
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Figure 4. Stern–Volmer plot for quenching of lawsone emission (λex 450 nm, λem 530 nm) by 

sodium cyclohexanecarboxylate. Reported KSV = 127 M⁻¹. 

TEMPO suppressed formation of the model product and GC–MS analysis was reported to 

show a cyclohexyl–TEMPO adduct (m/z 240.2), supporting the participation of a carbon-

centered radical. Product formation paused during dark intervals and resumed after re-irradiation. 

This light/dark behavior demonstrates that sustained conversion requires continued 

photoexcitation under the tested conditions; however, light/dark cycling alone does not measure 

radical-chain length or exclude a short chain contribution. A conservative working hypothesis is 

shown in Figure 5: lawsone absorbs visible light, the excited chromophore undergoes reductive 

quenching with a carboxylate donor model, the resulting carboxyl radical decarboxylates, and the 

carbon-centered radical adds to the activated N-heteroarene. Persulfate is proposed to participate 

in catalyst turnover and oxidation/rearomatization steps. The scheme is deliberately presented as a 
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mechanistic model rather than direct proof of an excited triplet state or a unique elementary 

sequence. 

 
Figure 5. Working photoredox hypothesis for lawsone-mediated Minisci-type alkylation. The 

scheme summarizes a mechanism consistent with the reported controls but does not establish 

excited-state multiplicity or chain length. 
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3.7 Sustainability, significance, and limitations 

The main aspect of sustainability targeted by the study relates to the sourcing of the catalyst of the 

system: the chromophore that was tested had been taken from a plant feedstock rather than being 

added to the reaction mixture as a precious-metal complex. The introduction of blue light and a 

water co-solvent further illustrates the current interest in mild photochemical C–H 

functionalization.  Quantitative green-chemistry claims are intentionally restricted because there 

is not yet a complete process mass balance. In the future, any rigorous assessment of a process 

should state its reaction mass efficiency, process mass intensity or E-factor with an explicit system 

boundary that includes the extraction solvent, chromatography and aqueous persulfate waste. 

 

The mechanistic dataset will support but will not prove. Currently present evidence establishes 

light dependence, radical trapping and steady-state fluorescence quenching. 

 Fluorescence lifetimes, cyclic voltammetry, transient absorption or EPR, quantum-yield 

measurements and a direct comparison between isolated natural lawsone and an authenticated 

commercial standard would assist with stronger causal assignment. Variation in plant-derived 

material from batch to batch should be quantified. That limitation challenges not the measured 

reactivity but rather identifies those experiments that a specialist, high-selectivity chemistry 

journal is most likely to request. 
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4. Conclusion 

The study examined a biomass-derived organophotocatalyst called lawsone sourced from 

Lawsonia inermis for a C–H alkylation. Using the blue-light conditions described here, we 

obtained 12 alkylated products in 48 – 88% isolated yield (median scope yield 70.5%.). The use of 

control experiments, radical trapping, steady-state fluorescence quenching has been undertaken to 

rule out alternative pathways. The results underpin a light-dependent radical pathway where 

photoexcited lawsone is reductively quenched by a carboxylate donor model. Available evidence 

does not rule out direct crude-extract catalysis, excited-state multiplicity or lack of short radical-

chain contribution, we thus present the cycle as a working photoredox hypothesis. Lawsone from 

natural sources looks to be a new promising chromophore to metal-free photoredox. 
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(CdCl₂)  التغيراا الهرمونية والتكوينية الناجمة عن التعرض لكلوريد الكادميوم  لدى الجرذان البيضاء الحوامل وامتداداتها على ذريتها      

Hormonal and developmental changes caused by exposure to cadmium chloride 

(CdCl₂) in pregnant albino rats and their extensions to their offspring 

 أحمد محمد أحمد ةادي  

 AM230009pep@st.tu.edu.iq /    وزارة التربية / مديرية تربية نينوى 

 خلاصة

( ضلد سميلة الكلالميومد ملل لراسلة تأثل اص  لوريلد Raphanus sativus دفتم     الدراسة إلى تايي  الادرة الوقا ية لمستخل  ال تل البري )

( والبرو سلللترولد LH( والهرملللول الللللوتيب )FSHصللللى  رملللو ص تراسللللية مهملللة   إ ث الجلللرذالد مثلللل الهرملللول المربلللا للتريلللس )( CdCl₂الكلللالميوم )

ج إصالاء مجموصلة ضلاباة  غلرام  200و 180بالإضافة إلى تأث   صلى او الجرين  ضمتم  ل مجموصة من المجموصاص الستم خمس إ ث يتراو  وزون بين 

ملل ملن مسلتخل  ال تلل  2ملر / رل  ملن وزل الجسل د وأصايلتم مجموصلة واحلدة  10و  5ضتم مجموصتلال لكلوريلد الكلالميوم ارصلاص ماء ماارد وتعر 

ملل ملن مسلتخل  ال تللد  2ملر / ر  من  لوريد الكلالميوم بالإضلافة إلى  5البريد و انتم  را  مجموصتال للعاي المشتر : أصايتم المجموصة ارامسة 

لت ليللل تأثلل اص الكللالميوم صلللى الجهللاز  مللل مللن مسللتخل  ال تللل  2ملر / رلل  مللن  لوريللد الكللالميوم بالإضللافة إلى  10السالسللة وأصايللتم المجموصللة 

لترلين أثرلاء التراسليد والأثر الوقا ي لمستخل  ال تلل اللبري ضلد سميلة  ل ا المعلدل الثايللد ج تتبلل مسلتوذص الهرملو ص بعلد العلايد وإ لراء ف وصلاص ل

والبرو سترولد وال  تبين أوا مضاربة بشكل مل وظ  LHو FSHلى العاي رستخل  ال تل البري إلى استعالة  ز ية لمستوذص  رمو ص الحمل  أ

(   وظي للة المبلين   شللي الت ليلل الرسلليتي للأ رلة صللن صيلور اا يللة P ≤ 0.05  الحيلوا ص المعرضلة للكللالميومد بالإضلافة إلى ام للا  مل لوظ )

  إلى  الرمو   المجموصاص المعرضة للكالميومد إلا أل تراولح مستخل  ال تل البري بالتزامن مل الكالميوم خ ي من حدة     التر اصد وا يشوتأخر  

ين يبلدو أل مسلتخل  تنظهر  ل   الرتلا ة أل التالور قبلل اللولالة ووظي لة المبلين والتلوازل الهرملوني تتل ثر سللبًا بكلوريلد الكلالميومد   حل  لور وقا ي محتمل 

 ال تل البري ينعا س     الآثار الضارة 

mailto:AM230009pep@st.tu.edu.iq
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 ؛ البرو سترول؛ ال تل البريLH؛  رمول FSH لوريد الكالميومهرمول   الكلماا الماتاةية:

 

Abstract  

This study aimed to evaluate the protective potential of wild radish extract (Raphanus sativus) 

against cadmium toxicity, while also investigating the effects of cadmium chloride (CdCl₂) on 

important reproductive hormones in female rats, such as follicle-stimulating hormone (FSH), 

luteinizing hormone (LH), and progesterone, as well as its effect on fetal development. Each of 

the six groups consisted of five female rats weighing between 180 and 200 grams. One control 

group received distilled water, two groups were exposed to cadmium chloride at doses of 5 and 

10 mg/kg body weight, one group received 2 ml of wild radish extract, and two groups received a 

combination treatment: the fifth group received 5 mg/kg cadmium chloride plus 2 ml of radish 

extract, and the sixth group received 10 mg/kg cadmium chloride plus 2 ml of radish extract.  To 

analyze the effects of cadmium on the reproductive system and the protective effect of radish 

extract against the toxicity of this heavy metal, hormone levels were monitored post-treatment, 

and fetal examinations were performed during pregnancy. Treatment with radish extract resulted 

in partial restoration of FSH, LH, and progesterone levels, which were significantly disrupted in 

cadmium-exposed animals, as well as a marked decrease (P ≤ 0.05) in ovarian function. 

Histological analysis of the fetuses revealed developmental defects and growth retardation in the 

cadmium-exposed groups; however, concomitant administration of radish extract mitigated these 

changes, suggesting a potential protective role. These results demonstrate that prenatal 
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development, ovarian function, and hormonal balance are negatively affected by cadmium 

chloride, while radish extract appears to counteract these adverse effects. 

Keywords: Cadmium chloride, FSH hormone, LH hormone, progesterone, radish 

 مقدمة

مرهلا  30صررلراً صللى أولا معلاللد وتشل  البيلا ص إلى أل حلوالي  80الجلدولح اللدوريد ينرلري ملا يالرر ملن المو لولة    105من بين العراصر الل 

ديدة السلمية نظلراً تنعتبر المعالل الثايلةد رلا   ذلل  الكلالميوم واللزرنيل والسليليريوم والرصلال والز بلح والموليبلديرومد ملن المللوثاص البيلحيلة يل(1)ضارة بالبشر 

  (2)لادرتا صلى لخولح  س  الإنسال صن طريح الاسترشاق أو الابتاع أو الامترال صبر الجلد 

مر  ا تشافا   أوا ل (4؛ 3)( ملوثًا بيلحيًا واسل الانتشارد وقد صر تا الو الة الدولية لأبحاث السرطال  مالة مسرطرة للإنسال Cdينعد الكالميوم )

لأغ ية صبر الهواء الارل العشريند استنخدم الكالميوم صلى نااق واسل   العديد من التابيااص الرراصيةد وا ألى إلى تلوث بيلحي  ب  وما تبعا من تلوث ل

د أنا بعد لخلولح الكلالميوم إلى الجسل  صلبر الجهلازين التر سلي والهضلميد يمكلن أل يلؤلي إلى أملرا  مزمرلة وإلحلاق الضلرر والأ   من ذل (5)والماء والتربة 

  (7؛ 6)بالعديد من أ هزة الجس  

اقللترا  آليللاص مختل للة لسللمية الكللالميومد مثللل الإ هللال الت  سللديد ج وضللل العديللد مللن الرمللاذي للسللمية ارلويللة الرايللة صللن الكللالميومد وللا ألى إلى 

مللن المعللروف أل سميللة (9؛ 8)والتكللاثر ارلللوي غلل  الابيعلليد والتلل ث اص المتعلاللة بالمثيلللةد وتلللي الحمللن الرللوويد وتثبلليا مسللاراص إصللا  الحمللن الرللووي 

( و لوريد الكالميوم CdSO₄وفاًا لأبحاث ساباةد يمكن أل يتسبس  ل من  بريتاص الكالميوم )(10)صن الإ هال الت  سدي  الكالميوم ترتة   الرالس

(CdCl₂( إنتاي اراذ لكمياص م رطة من أنواع الأ ستين الت اصلية   )ROS( د وال  يمكن أل تنل ح الضرر بالحمن الرووي)DNA ) وتسبس

ومن المث  لا تمام أل مسلتوذص أنلواع الأ سلتين الت اصليلة لاخلل (12؛ 11)تكسر الكروموسوماص لاخل اراذد وا يؤلي   الرهاية إلى تلي اراذ 

 Raphanusينعد مستخل  ال تلل )(12)لميوم و بريتاص الكالميوماراذ ولر ة تلي اراذ تنظهر صاقة استتابة للترصة مل تر يزاص  لوريد الكا

sativus(13) ( مثالًا بارزادً حيث أنا يحسن المؤيراص المراصية والكيميا ية الحيوية ويالل من الإ هال الت  سدي لدى الحيوا ص المعرضة للكالميوم  
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( والهرمللول اللللوتيب FSHمللن خللالح لراسللة تأثلل اص  لوريللد الكللالميوم صلللى الهرمللو ص التراسلللية واررللوبة الهامللةد ولديللداً الهرمللول المربللا للتريللس )

(LHوالبرو سترولد تسعى     الدراسة إلى تايي  الت ث اص السامة للكالميوم صلى الجهاز الهرموني وتوضي  لور    التسلبس   اضلا ) راباص  رمونيلة قلد

مللد ملل التر يلز تضعي الوظي ة التراسلية وارروبة  بالإضافة إلى ذل د تدف الدراسلة إلى توضلي  الآثار الضلارة لكلوريلد الكلالميوم صللى الجرلين أثرلاء الح

ر سلبية صللى الو الجرلين وتالور  الابيعليد مثلل صلى اختالح التوازل الهرموني لدى الأمد وقدرة الكالميوم صلى اختراق المشيمةد وما يترتس صلى ذل  من آثا

ر السلامة زذلة خار تسلم  الجرليند وتأخلر الرملود واضلاراباص الرملو  صلاوة صللى ذلل د ج بحلث التل ث  المن تملل لمسلتخل  ال تلل اللبري   تُ يلي الآثا

 للكالميوم 

 والأساليب المواد

   والمستخلراص الرباتية الموال لض 

عتم نباقص ال تل البري من محافظة صا  الدين  وقد قام الأستاذ المساصد الد تور محمد صد ل  اي  بت ديد نوع الربلاص     يهر   أ توبرد ين

لحرلولح صللى وا س وامختبر الرباقص بكلية التربية للعلوم الررفة/قس  صللوم الحيلاةد قبلل تج ي لا  ظ ننظ لتم صيرلاص الربلاص رلاء منريل  لضلمال إزاللة ييلل الشل

الإغلاق لحللين  ملالة نايلة خاليلة ملن التلللوث  تنرو لتم الأوراق والسلياال لتتلي   الهلواء بدر للة حلرارة الررفلة قبلل تُزيرهلا   صبللواص معاملة ومظلملة ومحكملة

ملي  500لة  بعد ذل د ونزنتم إ راء صملية الاستخال   ن  تم الأوراق والسياال أولًاد ظ سن اتم وطن رتم بعراية   ما رة  هربا ية لاستخال الما

مللل مللن المللاء المااللر  ولضللمال تكسلل  ارللاذ وامتللزاي مسلل وق  250لللتر مللل  1مللن مسلل وق الأوراق والسللياال بدقللةد ظ نناعللتم   لورق ز للا ي سللعة 

اد ونضللل الللدورق صلللى محللر  مرراطيسللي ورنيا لمللدة سللاصة بسللرصة  غناايلل تم فو للة الاللارورة براللاء أسللول غلل   بعللد ذللل د لورة   الدقياللة  70الربللاص بالمللاء تمامللً

ع تم الاللارورة   حاضلرة  للزازة لمللدة يلوم  امللل  وللللتخل  ملن الرواسللس الرلللب ة وارشللرةد يل افد وأنحكلل  إغاقهللا بسلدالة باسللتيكية لمرللل التللوث  ظ ونضللو

 لعملية تريي  ثانية  N-10ق  رنياو   المزية أولًا صبر أربل طبااص من الشاش الار  ظ استنخدوم ورق تريي  واتمال ر 

 الحيوا ص استعدالاص

إلى 12غلرامد و انلتم  200و 180استنخدم       الدراسة ثاثلول أنثلى بالرلة ملن فلحلرال سلالة سلبرية لاولي  تراوحلتم أوزال  ل   المخلوقلاص بلين 

ص التللابل لكليللة الاللس البياللري اامعللة تكريللتمد وج إيواو للا    انللتم الحيللوا ص تبلللي مللن العمللر أسللابيل  ج تربيللة الحيللوا ص ورصايتهللا   بيللتم الحيللوا 14
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  ظل ظروف مخبرية مضبوطةد خضعتم الحيوا ص ل ترة تأقل  مدتا أسبوع واحد قبل 13×28×46(  أق ال باستيكية  يدة التهوية ذاص أبعال موحدة 

ديدة وتاليل آثار الإ هال  خالح     ال ترةد حن ظتم ال لحرال   لر ة حرارة بدء الإ راءاص التتريبيةد وذل  للسما  لها بالتكيي مل الظروف البيلحية الج

سلاصة ملن الظلامد بالإضلافة إلى تويلة  افيلة  طلوالح  12ساصة ملن الضلوء و 12لر ة ملحويةد مل لورة ضو ية مظلمة مرتظمة مدتا   25محياة تبلي حوالي  

لمختبر الاياسي المنرم  لتلبية احتيا اتا الر ا يةد وإلى ميا  يرر نظي ةد وا يضمن استارار ص تها فترة التتربةد أنتي  لل يوا ص الوصولح الحر إلى صلي ا

بليللة أو وحالتهللا ال سلليولو ية  مللن أ للل التللزاويد ونضللعتم الإ ث طللوالح الليللل مللل ذ للور مللن ن للس السللالة    صللبا  اليللوم التللاليد أثبللتم و للول سللدالة مه

(  أنصايلتم العا لاص التتريبيلة صلن طريلح ال ل  لل لحلرال الحواملل بلين GD 0الحملل؛ صلنرف  ل ا اليلوم بيلوم الحملل صل ر ) حيوا ص مروية   مس ة المهبلل

 اليوم ارامس والحالي صشر من الحمل 

 ترمي  التتربة

التتانس بلين المجموصلاص واللت ك  (د تتكول  ل مرها من خمسة فلحرالد لضمال 1ج توزيل الحيوا ص صشوا ياً صلى ستم مجموصاص متساوية )الجدولح 

د مدونلللة 17 2025  التبلللاين ال لللرلي  وقلللد ج تر يللل  ييلللل البروتو لللولاص التتريبيلللة رو لللس موافالللة لجرلللة رصايلللة الحيلللوال اامعلللة تكريلللتم   العلللراق )رقللل  

   تجميل ال لحرال ال  تمتم لراستها   الدراسة الأخاقياص( 

مجموصلللللللللللللللللللللللللاص 

 ال لحرال

 صاي

G1  سيارة 

G2 ( 5الكالميوم ) (14)ملر / ر  من وزل الجس 

G3 ( 10الكالميوم ) (14)ملي/ ي من وزل الجس 

G4 2  ًمل من مستخل  ال تل البري يوميا 

G5 ( و 5الكالميوم ) (14)يومياً مل من مستخل  ال تل البري  2ملر / ر  من وزل الجس 

G6 ( و 10الكالميوم ) (14)مل من مستخل  ال تل البري يوميًا 2ملر / ر  من وزل الجس 



 

~ 182 ~ 
 
 

 ال عالة الجرصة لديد

غلرام  أنصايل تم المجموصلة  200و 180يلتراو  وزولا بلين تأل تم  ل مجموصة من المجموصاص ارمس المستخدمة       الدراسة ملن خمسلة فلحلرال بالرلة 

(د فالد أنصالي  لهلا 5د و4د 3د 2مل من الماء الماار صن طريح ال    أما المجموصاص التتريبية الأربل )المجموصاص  1الأولىد ال  اصتنبرص المجموصة الضاباةد 

ملللل/حيوال  1د و2ملللل/حيوال للمتموصلللة  5 0صلللاص متدر لللة: ( صلللن طريلللح ال للل  ار Raphanus sativusمسلللتخل  ملللا ي ملللن ال تلللل اللللبري )

   استنخدم  هاز قياد الايي الضو ي لاياد مستوذص الجلو وز   مرل 5مل/حيوال للمتموصة  2د و4مل/حيوال للمتموصة   5 1د و3للمتموصة  

ولت ديد الجرصة ال عالة من ال تل البريد قلنياو  تأث  الجرصة الدم بعد س س صيراص الدم من الض  ة الوريدية خلي الحتاي بعد ساصتين من إصااء الدواء  

ملل/حيوال  انلتم الأ ثلر  2صلى استتابة الجسل  لمسلتخل  الربلاص باسلتخدام مسلتوذص الجلو لوز   اللدم  مؤيلر فسليولو ي  أظهلرص الرتلا ة أل  رصلة 

أي سمية أو آثار  انبية واض ة  ول ل د ج اختيلار  ل   الجرصلة  ترصلة فعاللة  فعاليةد إذ حااتم أفضل تأث  بيولو ي ماارنةً بالجرصاص الأخرىد ولم تنظهر

 لاستخدام   الاختباراص الاحاة 

 الحيوا ص تشري 

يومًا( قبل تُدير ا بالكلوروفورم  وج س س صيراص الدم صن طريح بزلح الالس  ظ ج فرلل  30ساصة   واية التتربة ) 12ج تجويل الحيوا ص لمدة  

 رمللو ص  لر للة ملحويللة لحللين إ للراء الت ليللل الهرمللوني  وج قيللاد مسللتوذص 18-المرللل باسللتخدام  هللاز الاللرل المر للزيد وحن للر المرللل صرللد لر للة حللرارة 

FSH وPROG وLH  باستخدام مجموصاصELISA ( اراصة بال لحرالElabscience وفاًا لتعليماص الشر ة المررعة )® 

 للأ رة مورفولو ية لراسة

عتم الأ رة لإ راء لليل مورفولو ي ياملد تضمن قياد طولح الجريند ومظهر  العلامد وتملايز اللرأد والأطلراف  اسلتنخدم مسلارة مدر لة لتسل تيل ين

 الاياساصد والتااتم صور للأ رة لتوثياها وماارنتها بالمجموصة الضاباة 

 الت ليل الإحرا ي

 GraphPad Prismاستنخدم لليل التباين أحالي الاتجا  واختبار الماارنة المتعدلة الاحاة لتايي  ال روق الإحرا ية بين المجموصاص  استنخدم بر مة 

 لالة إحرا يًا  05 0أقل من  pلإ راء الت لياص الإحرا ية والتمثياص البيانية  واصتنبرص قيمة  9الإصدار 
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 نتائج

 د والبرو سترول(LHد FSHالت ليل الهرموني )

والبرو سلللترول   ييلللل المجموصلللاص المعالجلللة بالكلللالميوم والوظي لللة الوقا يلللة المحتمللللة  LHو  FSHأظهلللرص الرتلللا ة ام اضلللاص  بللل ة   مسلللتوذص 

لم يكللن  رللا  فللرق واضلل  بللين لللوحر ام للا    تر يللزاص الهرمللو ص يتراسللس مللل الجرصللة بعللد التعللر  للكللالميوم ( 1لمسللتخل  ال تللل الللبري )الشللكل 

 ملن بكثل  أقلل تلزالح لا مسلتوذتا لكلن بال تلل؛ المشتر ة المعالجة بعد ما حد إلى الهرمو ص ذصمستو  استعالة جمجموص  ال تل فاا والمجموصة الضاباة 

 .الضاباة المجموصة مستوذص

 FSH.مستوى هرمون ١

 نوغرام/مل(  وبالماارنة مل المجموصة الضاباةد ألى  9 10±  55 71)المجموصة الأولى:  FSHستلتم المجموصة الضاباة أصلى مستوذص  رمول 

 نوغرام/مللل( إلى  78 6±  47 نوغرام/مللل( و رصللة صاليللة )المجموصللة الثالثللة:  54 4±  54التعللر  لجرصللة مرخ ضللة مللن الكللالميوم )المجموصللة الثانيللة: 

صافيتهلا إلى حلد   FSH(  وقلد اسلتعالص مسلتوذص  رملول p  <0 05طلرلذً ملل الجرصلة )قيملة يتراسلس  FSHام ا  مل وظ   مستوذص  رملول 

 G5 نوغرام/مللل( وحللد    انللتم نتللا ة الإصاللاء المشللتر  متوسللاة: المجموصللة  91 3±  64 بلل  صرللد إصاللاء مسللتخل  ال تللل الللبري )المجموصللة الرابعللة: 

 G6 نوغرام/مللل(د بيرمللا سللتلتم المجموصللة  49  ±6 83) FSHمعتدللة مللن  رمللول )مسلتوى مللرخ ن مللن الكللالميوم ( ال تللل( سللتلتم مسللتوذص 

 نوغرام/ملل(د ولا يشل  إلى أل التل ث  الوقلا ي لل تلل اللبري محلدول صرلد الجرصلاص  52 7±  23)مستوى صالٍح من الكالميوم ( ال تل( ألنى المستوذص )

 أ(1العالية من الكالميوم  )الشكل 

 للوتيني.مستوياا الهرمون ا٢

 G1: 34.5 ± 5.44أصلللى مللا يكللول   حيلللوا ص المجموصللة الضللاباة ) LH   لللال تر يللز  رمللول LHلللوحر اللا واثللل بالرسللبة لهرمللول 

 LH (G2: 26.25 ± 6.23 نوغرام/مللل(  وبشللكل متراسللس مللل الجرصللةد ألى التعللر  للكللالميوم إلى ام للا  حللال   مسللتوذص  رمللول 

 نوغرام/ملل( صللى  G4: 28.75 ± 5.31 نوغرام/مل(    الماابلد حافر مستخل  ال تلل اللبري وحلد  ) G3: 20.25 ± 1.25 نوغرام/مل؛ 

ا لتلل ث   رصللة الكللالميوم العاليللةد ام ضللتم مسللتوذص  رمللول    المجموصللاص مجتمعللة بشللكل مل للوظ    LHمسللتوذص قريبللة مللن المعللدلح الابيعللي  ووفاللً

 ر(2 نوغرام/مل( بشكل  ب   )الشكل  24  ±3 65) G5 نوغرام/مل(د بيرما حافظتم صليها المجموصة  8 8  ±0 14) G6المجموصة 
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 .مستوياا البروجسترون3

 نوغرام/ملل(  ألص المعالجلة  G1: 1.7 ± 0.43اة )( ولاثاً أيضلاً  بللي تر يلز  أصللى مسلتوذتا   المجموصلة الضلابProg ال اا البرو سترول )

 نوغرام/ملل(  بايلتم  G3: 0.52 ± 0.43 نوغرام/ملل؛  G2: 0.72 ± 0.26ارصلاص مرخ ضلة وصاليلة ملن الكلالميوم إلى ام اضلاص مل وظلة )

نوغرام/مل(  صلى الرغ  ملن أل  ل ا التل ث    G4: 1.62 ± 0.22مستوذص البرو سترول قريبة من المعدلح الابيعي صرد استخدام ال تل البري وحد  )

 G5 :1 15ا  )لم يكن  افياً لاستعالة مستوذص الهرمول بالكامل   ظل التعر  العالي للكالميومد إلا أل المعالجاص المنتمعة خ  تم  ز ياً من الام 

 (3Cمستخل   )الشكل  نوغرام/مل(د وا يش  إلى تأث  وقا ي لل G6: 1.17 ± 0.09 نوغرام/مل؛  17 ±0 

 

 

 

 

 

 

        Groups 

 

Variables 

G1 

 Control 

G2 

 CdCl₂-

Low dose 

G3 

 CdCl₂-

High dose 

G4 

 W. 

Radish 

G5 

 CdCl₂-Low 

+W. Radish 

G6 

 CdCl₂-High 

+ W. Radish 

FSH (ng/mL) 71.55 ± 

10.9 

 a 

54 ± 4.54 

 c 

47 ± 6.78 

 d 

64 ± 3.91 

 b 

49 ± 6.83 

 cd 

23 ± 7.52 

 e 

LH 

 (ng/mL) 

34.5 ± 

5.44 

26.25 ± 

6.23 ab 

20.25 ± 

1.25 

28.75 ± 

5.31 ab 

24 ± 3.65  

b 

8.8 ± 0.14  

d 
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 a  c 

Progesterone 

(ng/mL) 

1.7 ± 

0.43 

 a 

0.72 ± 

0.26 bc 

0.52 ± 0.43 

 c 

1.62 ± 

0.22  

a 

1.15 ± 0.17 

 b 

1.17 ± 0.09 

b 
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 تأث اص  لوريد الكالميومد سواءً ر رل  أو مل مستخل  ال تل البريد صلى  رمو ص مهمة متعلاة بالتكاثر وارروبةد را   ذل : 1يكل

  تأث اص الجرصاص المعياري الااراف ±(د ي( البرو سترول  ج التعب  صن الرتا ة  متوسا LH(د ر( الهرمول اللوتيب )FSHأ( الهرمول المربا للتريس )

والبرو سلللترول    LHو  FSH(د سلللواء ر لللرل  أو بالايلللترا  ملللل ال تلللل اللللبريد صللللى مسلللتوذص CdCl₂المرخ ضلللة والعاليلللة ملللن  لوريلللد الكلللالميوم )

 pالمجموصلاص ضلمن ن لس المترل  ) بلين الإحرلا ية الدلاللة ذاص ال روق المرت عة الرر ة الأحرف وتنظهر   معياري  ااراف  ±تنعر  البيا ص  متوسا  الدم 

 <0 05 ) 

 التر اص المورفولو ية   الأ رة

ملر / رلل   5مل وظللة  ألى التعللر  لكلوريللد الكللالميوم ارصللة ( اللوًا طبيعيللًا لول أي تشللو اص مورفولو يللة G1أظهللرص أ رللة المجموصللة الضللاباة )

(G2 إلى تري اص ط ي ةد شملتم ام اضًا ط يً ا   طولح الجرين وتأخراً   التمايزد بيرما تسببتم  رصة أصلى قدر ا )10 (  ملر / رG3 تشلو اص   )

وللا يؤ للد و للول تأثلل  سللام يعتمللد صلللى الجرصللة  اللتم الأ رللة المعالجللة واضلل ةد مثللل صللرر الحتلل  والاللولحد وضللعي اللو الأطللرافد واضللارار تمللايز الللرأدد 

 10و 5( بشلللكل طبيعللليد صللللى غلللرار المجموصلللة الضلللاباة  ألى إصالللاء المسلللتخل  ملللل  لوريلللد الكلللالميوم الللرص  G4رسلللتخل  ال تلللل اللللبري وحلللد  )

شو اص وصزز تمايز الأطراف وطولح الجريند صلى الرغ  من أل الرمو ( إلى لسن مل وظ   مورفولو يا الجريند وا قلل من يدة التG6و  G5ملر / ر  )

الجرصةد   حين ظل أقل من مستوذص المجموصة الضاباة صرد  رصة الكالميوم الأصلى  تش      الرتا ة إلى أل سمية  لوريد الكالميوم للأ رة تعتمد صلى 

تُ للي مللن السللمية التاوريللة الرايللة صللن الكللالميومد مللل فعاليللة  ز يللة صرللد التعللر   ملللي مللن مسللتخل  ال تللل الللبري لهللا تأثلل  وقللا يد حيللث 2أل  رصللة 

 لمستوذص أصلى من الكالميوم 
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  ر( مرظلر  لانر G1  أ( مرظلر  لانر لجرلين فل ر ضلابا ملن المجموصلة G1ملل المجموصلة  G2-G6ماارنة طلولح ويلكل الأ رلة   المجموصلاص 2يكل

  ي( أ رلة G1د إلى  انلس  رلين ملن المجموصلة G2ملر / ر  من وزل الجس  ملن المجموصلة  5لجرين منعالج ارصة صا ية من  لوريد الكالميوم مادار ا 

(  ل(  رين ف ر ضابا G3ملر / ر  من وزل الجس  ) 10ريد الكالميوم مادار ا ( و رين منعالج ارصة صا ية من  لو G1فلحرال من المجموصة الضاباة )

(G1 و رين منعالج ارصة صا ية من مستخل  ال تل البري فاا مادار ا )2 (  ملرG4 رلين ضلابا و رلين منعلالج ارصلة صا يلة ملن  لوريلد  )لل   )

(  رللين ضلابا و رللين معللالج ارصلة صا يللة مللن  Fملرل  مللن مسللتخل  ال تلل الللبري   2ملر / رلل  ملن وزل الجسلل د بالإضللافة إلى  5الكلالميوم ماللدار ا 

 ملر   2ملر / ر  من وزل الجس  وال تل البري  10 لوريد الكالميوم ارصة 

 مناقشة

اد وللا ععلللا يللترا      سلل  الإنسللالد ويزيللد مللن خاللر  صلللى  30و 25ينعللرف الكللالميوم بعمللر نرللي طويللل يللتراو  بللين  الرلل ة صلللى المللدى صامللً

زن د ويحملي ارلاذ ملن الاويل  ويؤلي ترا   الكالميوم   الكبد والكليتين إلى ل يز إنتاي الميثالوثيونيند ال ي يت ك    المعالل الحيوية مثل الر اد وال

ا  المزمرة واحتمالية الإصابة بالسرطالد وذل  من خالح إثباص قدرتا صلى التسبس تؤ د العديد من الدراساص لور الكالميوم   الأمر (15)الآثار الضارة 

التعر  للمعلالل    الإ هال الت  سدي واختالح وظا ي اراذ   ما أل التر يز صلى آثار الكالميوم صلى الأ رة يل تم الانتبا  إلى المخاطر ال  يشكلها

مل ذل د يمكن للموال الرباتية الرشاة فسيولو يًا أل تُن ي من آثار الكالميوم ملن خلالح لسلين تلوازل مضلالاص (16)الثايلة صلى البيلحة وص ة الإنسال 

الأهميلةد بالإضللافة إلى  بالللي الأ سلدة وتاليلل تلللي ارلاذ  وينعلدا الحللدا ملن تلللوث البيلحلة بالكلالميوم صللبر طلرق مثلل المعالجللة الرباتيلة أو المعالجللة الميكروبيلة أملراً

  (17)ل الأمد الحماية البيولو ية  ومن خالح تابيح     التداب  البيلحيةد يالا ترا   الكالميوم   الر اء والماءد وا يحمي الراد من التعرا  طوي

صلى الجهاز التراسليد حيث ينسبس تثبيااً متراسبًا مل الجرصة لهرمو ص التكاثر  تنظهر نتا ة     الدراسة أل التعر  لكلوريد الكالميوم لا تأث   ب 

FSH    وLH  والبرو سترول  تش      الرتيتة إلى أل الكالميوم قد ينؤثر صلى وظا ي الردل الرماءد وا قد ينشكل مخاطر ص ية صلى الادرة الإنجابية  

؛ 18)المبيضلللية -الوطا يللة-لكللالميوم ينثلللبا إفللراز  رمللو ص التكلللاثر صللن طريلللح تريلل  محلللور الرللدة الرخاميلللةتتوافللح  لل   الرتلللا ة مللل أبحلللاث حديثللة تنبلللين أل ا

  الردة  مل الرتا ة الساباة ال  تش  إلى أل خاذ الردل التراسلية LHو رمول  FSHوصلى و ا اررولد يتوافح الام ا  المل وظ    رمول (19

اص لاخللل الرخاميللة تتلل ثر بشللكل مبايللر بالكللالميومد وللا يللؤلي إلى ام للا  إنتللاي الهرمللو ص التراسلللية بسللبس الإ هللال الت  سللدي وترلل  مسللاراص الإيللار 
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 ويداص المبيضية ويضر بوظي ة الجس  الأص رد خاصة أثراء صاوة صلى ذل د فإل الأبحاث ال  تنظهر أل التعر  للكالميوم يثبا تكوين الست(20)اراذ

  (21)الحملد تتوافح مل الام ا  الكب    مستوذص البرو سترول 

 من العديد قيامتم .الجرصة مل متراسس بشكل الجس د قرر إلى بالإضافة والرأدد الأطراف تمايز    ز ي تأخر بالإضافة إلى ذل د تسبس الكالميوم

 الرالح الأخضر للشاي الم يدة الت ث اص صن الإباغ ج المثالحد سبيل صلى .للكالميوم السامة اررا   صلى الابية للرباقص المخ  ة الت ث اص الدراساص

  (22).الجرذال إ ث   LH و رمول FSH  رمول صلى الكالميوم سمية ضد (سيريرسيس  اميليا) للأ ل

ن لمسللتخل  ال تللل الللبري الرللالح للأ للل صلللى التلل ث  السللام للكللالميوم صلللى اللو الجرللين وتمللايز ب ريللة الجسلل د أظهللر   رللاد ولأولح مللرةد التلل ث  المن سللاو

( اوًا يبا طبيعيد وا يش  إلى صدم و ول G4ي فاا )بالإضافة إلى مستوذص الهرمو ص  أظهرص الأ رة من المجموصة ال  صولجتم رستخل  ال تل البر 

ألى تراولح (23) آثار ضارة للمستخل د و و ما يتوافح مل الدراساص الحديثة ال  تنبرز سامة المستخلراص الرباتية الررية رضالاص الأ سدة أثراء الحمل

( إلى لسليراص مل وظلة   طلولح وحتل  الجرليند وتملايز أفضلل للأطلرافد وام لا    يلدة G6و  G5الكلالميوم )مسلتخل  ال تلل اللبري ملل  لوريلد 

ألمل  و (24)( 2010التشو اصد وا يش  إلى تأث  وقا ي  ز ي للمستخل  صرد  رصاص الكالميوم العاليةد و و ما يتوافح مل نتلا ة ريروغلالي ي وبرابلو )

ا لرتلللا ة تومسلللول وبانيتلللال )(23)(2021وآخللرول ) ا لسلللامويل وآخلللرول G1(د أظهلللرص الأ رلللة مللن المجموصلللة الضلللاباة )2008وفالللً ا  وفالللً ( الللوًا طبيعيلللً

ملر / رللل  ملللن وزل الجسللل ( إلى تأخللل اص ط ي لللة   تملللايز بعلللن  5الثانيلللة؛ ألى التعلللر  لجرصلللة معتدللللة ملللن  لوريلللد الكلللالميوم )المجموصلللة (25)(2011)

ملر / ر  من  10 الترا يس وام ا  ط يي   طولح الجريند وا يش  إلى سمية متوساة    الماابلد أظهرص الأ رة المعرضة لجرصة أصلى )المجموصة الثالثة؛

اء غلل  طبيعللي للتسلل د وضللعي   اللو الأطللرافد واضللارار   تمللايز الللرأدد و للو مللا يتوافللح مللل وزل الجسلل ( ترلل اص مورفولو يللة أ ثللر وضللوحًاد مثللل اارلل

  (27)(1997وبا سي وآخرول )(26)( 2004الت ث اص المشو ة للأ رة للكالميوم ال  تعتمد صلى الجرصةد وال  وثاها  يرسول وييدريس )

المر باص الرباتية   ل ل د ألى العاي المشتر  بالعامل الرباا إلى استعالة  ز ية لمستوذص الهرمو صد و و ما يتوافح مل الأبحاث الجديدة ال  تنظهر أل

الت  سدي والح اظ صلى سامة أنستة الررية رضالاص الأ سدة يمكن أل تُ ي من سمية الردل الرماء الراتجة صن الكالميوم صن طريح خ ن الإ هال 

و لل ا يوضلل  الوظي للة الوقا يللة الجز يللة لل تللل الللبريد خاصللة صرللد الجرصللاص المرخ ضللة مللن الكللالميومد ويثلل  إمكانيللة اسللتخدام المللوال (23)الرللدل الرللماء 

 الكيميا ية الرباتية الابيعية  تكتي  لل د من السمية 

  راسة أيضًا صلى ضرورة إ راء المزيد من الأبحلاث لت ديلد مسلتوذص آمرلة ملن الكلالميوم وتايلي  فعاليلة المستخلرلاص الرباتيلة المختل لة  وتشلتؤ د الد

ملة والحلد مللن لعاالرتلا ة إلى أل مسلتخل  ال تلل اللبري ينعللد خيلاراً مراسلبًا للتخ يلي ملن الآثار الضللارة للكلالميوم صللى التكلاثر والأ رلة  ولحمايللة الرل ة ا
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اتيتياص الوقا ية البيلحية الآثار الضارة للمعالل الثايلة  الكالميوم صلى الإنسال والرظ  البيلحيةد تُتت      الدراسة بتسليا الضوء صلى أهمية الجمل بين الاستر 

 والابيعية 

الجرصلةد   حلين أل مسلتخل  ال تلل اللبري يلوفر اايلة  بشكل صامد تؤ د     الرتا ة أل الت ث اص السامة للأ رة والمشو ة للكلالميوم تعتملد صللى

  ز ية ضد السمية التاورية الراية صن الكالميوم 
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Abstract 

Relevance. The problem of drill string sticking remains one of the most serious challenges in the 

oil and gas industry, significantly affecting the safety and efficiency of drilling operations. This 

phenomenon creates considerable difficulties at all stages of well drilling, leading to increased time 

costs, financial losses, and the risk of emergencies. The purpose of this study is to identify and 

justify innovative approaches to preventing and mitigating drill string sticking. Particular attention 

is paid to the development and implementation of innovative technological solutions that aim to 

minimize risks and improve working conditions at drilling sites. Methods. The study is based on a 
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~ 196 ~ 
 
 

comprehensive analysis of existing methods and strategies for combating drill string sticking. 

Modern technologies and specialized technical means used to prevent and eliminate sticking are 

considered. Experimental data, theoretical calculations, and practical experience with various tools 

and materials are included [6]. Results. The article provides a comprehensive analysis of modern 

technologies and technical means used to prevent and eliminate the seizure of the drill string 

during the drilling of oil and gas wells. The main mechanisms of seizure occurrence are 

considered, and methods for their prevention and elimination are systematized. Innovative 

developments in the field of preventive technologies and equipment for the release of seized tools 

are analyzed. The results of a comparative analysis of the effectiveness of various technical 

solutions are presented. Methods of system analysis, statistical processing of field research data, 

comparative analysis of technical solutions, mathematical modeling of the interaction between the 

drill string and the well walls, as well as experimental methods for determining the rheological 

properties of drilling fluids, were employed in this work. The research results can be applied in oil 

and gas companies engaged in exploration and production drilling, in design institutes for 

developing technological regulations, as well as in the educational process for training oil and gas 

specialists. 

Keywords: drill string sticking, drilling fluids, technical means, preventive technologies, 

sticking elimination, sticking removal. 
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Introduction 

Drill string sticking is one of the most serious emergencies in well drilling, leading to significant 

economic losses and increased well construction time. According to statistics, sticking accounts for 

up to 15-20% of all drilling complications, which makes it important to study methods for 

preventing and eliminating it [1]. Current trends in the oil and gas industry are characterized by 

the development of increasingly complex geological conditions, which increase the risk of drill 

string sticking. In this regard, the development of effective technologies and technical means for 

preventing and eliminating sticking has become a priority for the drilling industry [10]. 

Considering the above, the following is proposed in this work. Objective:– Conduct a detailed 

analysis of existing approaches focused on predicting and eliminating drill string snagging; - 

Evaluate the advantages/disadvantages of existing technological solutions aimed at minimizing 

risks and improving working conditions at drilling sites. 

 

Classification and mechanisms of sticking. Main types of sticking 

Drill string sticking is classified according to various criteria [6].  

1. Differential sticking. This occurs due to a pressure difference between the hydrostatic 

pressure of the drilling fluid and the formation pressure in permeable intervals.  

2. Mechanical sticking is caused by narrowing of the wellbore, rock falls, and tool jamming 

in narrowed areas.  
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3. Adhesion sticking occurs when the drill string interacts with swelling clay formations [3]. 

Figure 1 shows drill string sticking. 

 

 
Fig 1 - Drill string sticking 

 

Factors affecting the occurrence of sticking and preventive technologies for avoiding 

sticking 

An analysis of the factors contributing to the occurrence of sticking allows us to identify the 

following main groups [8]. These include geological factors such as the lithological composition of 

the section, the presence of unstable rocks, and abnormally low and high formation pressures; 

technological factors such as drilling fluid parameters, drilling modes, the design and condition of 

the drill string, the quality of cementing, the condition of the wellbore, and the effectiveness of 

fluid cleaning systems [8]. Analysis shows [6,8] that one of the most effective methods of 
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preventing sticking is to optimize the properties of drilling fluids, where approaches are 

distinguished that focus on minimizing filtration, i.e., reducing the filtration rate to 2-4 cm³/30 

min. This reduces the thickness of the filtration crust and the risk of differential sticking. It also 

involves controlling rheological properties, i.e., maintaining an optimal ratio of plastic viscosity 

and dynamic shear stress. The latter ensures effective cleaning of the wellbore [20]. It should be 

noted that the use of lubricating additives, which involve introducing special lubricants into the 

drilling fluid, can reduce the friction coefficient between the column and the wellbore walls by 

30-50%. 

 

Pressure control technologies 

Our analysis shows that managed pressure drilling (MPD) technologies allow maintaining optimal 

pressure differential in the wellbore-formation system, minimizing the risks of differential sticking 

[17]. Table 1 shows the effect of pressure control technology. 

Table 1. Pressure control. 

Parameter  Traditional 

drilling 

 MPD 

technology 

 (Efficiency) 

Accuracy of maintaining 

bottomhole pressure 

±0.5 (MPa) ±0.05 (MPa)  Increase by 10 

times 
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 Speed of response to changes 15-30 min 1-3 min  Increase by 10-

15times 

Reducing the risk of seizures - 60-70%  Significant 

improvement 

 

 

Based on the results in Table 1, we can conclude that the use of MPD technologies provides a 

significant improvement in pressure control accuracy and reduces the risk of sticking due to the 

system's high responsiveness to changes in drilling conditions [13].  

Figure 2 illustrates the specifics of well pressure control technology, specifically Managed Pressure 

Drilling (MPD). 

 
Fig 2 - Well Pressure Management Technologies (MPD - Managed Pressure Drilling) 
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The diagram shows an adaptive well pressure control system, whose key features are: - a closed 

circulation system with an automatic choke (Auto Choke) ensures precise backpressure control; - 

a bottomhole pressure control system maintains an optimal balance between pore pressure and 

hydraulic fracturing pressure; - automated control minimizes human error and increases drilling 

safety; - the technology is particularly effective when drilling in conditions with a narrow drilling 

fluid density window [16]. 

          The results [17] indicate that the development of new types of drilling fluids is aimed at 

creating systems with minimal interaction with rock formations. In this regard, new-generation 

polymer fluids are characterized by low filtration, high inhibiting capacity, and environmental 

safety. Nanotechnological additives (SiO₂, Al₂O₃ nanoparticles) are promising in engineering 

applications, allowing the formation of an ultra-thin impermeable crust on the walls of the 

wellbore. 

 

Technical means of eliminating stuck pipes 

Mechanical methods remain the primary means of eliminating stuck pipes and include the use of 

impact devices. These mechanisms include hydraulic/mechanical impactors, which deliver an 

impulse to the stuck pipe with a force of up to 1000 kN. 
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Fig 3. Device for Eliminating Stuck Pipe – ULP-190-1 

1. Body 2. Piston 3. Seal 4. Spring 5. Valve 6. Guide 

7. Tip / Nozzle / End cap 

Chemical Methods 

The use of specialized chemical reagents for the elimination of pipe sticking includes the 

following (Table 2): 

Table 2. Use of special chemical reagents to eliminate weld spatter 

 Reagent type Mechanism of 

action 

Exposure time  Efficiency, % 
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Oil baths  Reduced friction, 

softened crust 

 6-12 hours 65-75 

 Acidic compounds  Dissolution of 

carbonate crust 

 2-4 hour 70-80 

Surface-active 

substances 

 Change in 

wettability 

 (4-8 hours) 60-70 

Combined 

compositions 

 Complex impact  (8-16 hours) 80-90 

Table 2 shows that combined compositions are the most effective, providing a 

comprehensive effect on various sticking mechanisms, but requiring a significant amount of time 

to achieve results. Hydraulic release devices generate pressure pulses of up to 200 MPa, which are 

transmitted directly to the sticking point through the drilling fluid [10]. Electrical impulse systems 

are capable of generating powerful electrical discharges in the drilling fluid, creating shockwaves 

that destroy the sticking zone. Additionally, thermal methods focus on local heating of the 

sticking zone to 200-300°C, which alters the physicochemical properties of the contacting media. 

 

Comparative analysis of technology effectiveness 

Based on an analysis of statistical data on 500 cases of blowouts at various fields, a summary table 

of the effectiveness of elimination methods has been compiled: 
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Table 3. Efficiency of elimination methods. 

 Method of 

elimination 

 Number 

of cases 

 Successful 

eliminations 

 

Efficiency, % 

Average 

time, hours 

 Mechanical 

shocks 

180 126 70 8-12 

Chemical baths 150 105 70 12-24 

 Vibration 

methods 

80 64 80 4-8 

Combined 

methods 

90 81 90 16-32 

Table 3 shows that combined methods demonstrate the highest efficiency (90%), but require the 

most time. Vibration methods show the optimal ratio of efficiency and time required to perform 

operations [4]. 

 

Economic efficiency 

An analysis of the economic efficiency of various technologies shows (Table 4): 

 

Table 4. Economic efficiency. 

 (Technology) Implementations, 

thousand $ 

Снижение 
ущерба от 

 Payback 

period, months 
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прихватов, % 

 MPD systems 800-1200 60-70 12-18 

 Preventive 

supplements 

50-100 30-40 3-6 

 Modern 

drummers 

200-300 40-50 6-9 

 Chemical 

compositions 

20-50 25-35 2-4 

Table 4 suggests that chemical compounds and preventive additives offer the fastest return on 

investment, while MPD systems provide maximum damage reduction with a longer payback 

period [11]. 

Promising areas for development include [19] the implementation of: - artificial intelligence 

systems for predicting sticking based on real-time data analysis. This opens up new opportunities 

for preventive risk management, such as early warning systems based on machine learning 

algorithms. They are capable of analyzing a variety of drilling parameters and predicting the 

probability of sticking with an accuracy of 85-90%. Automated control systems ensure the instant 

adjustment of drilling parameters when prerequisites for sticking are detected. Additionally, 

nanotechnologies are utilized in drilling fluids. This opens up fundamentally new opportunities 

for creating drilling fluids with unique properties. 
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Conclusion 

The systematic study conducted in accordance with the objective of the work allows us to draw 

the following conclusions:  

1. The most effective approach to solving the problem of sticking is a comprehensive strategy that 

includes preventive measures and modern technical means of elimination.  

2. Pressure management technologies (MPD) reduce the risk of stuck pipes by 60-70% at a 

relatively high capital cost.  

3. Combined methods of stuck pipe removal are most effective (up to 90%), but require a 

significant amount of time.  

4. Vibration-based release methods demonstrate an optimal balance between effectiveness and 

speed of operation.  

5. Promising areas for development include digital forecasting technologies, nanotechnological 

drilling fluids, and robotic systems.  

6. The economic efficiency of preventive technologies exceeds the cost of eliminating the 

consequences of sticking by 3-5 times.  

Further research should be aimed at developing integrated intelligent drilling process control 

systems with forecasting and automatic accident prevention functions [21]. 
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Abstract: 

Ionizing radiation, consisting of X-rays, interacts with the immune system in complicated ways, 

impacting numerous cells through a mechanism related to oxidative stress. The purpose of the 

current study was to examine the potential therapeutic impact of ZnO-nano and vitamin C 

supplementation on immunity-toxicity caused by X-ray irradiation in female rats. The 

experiment was conducted using five groups, each consisting of 6 female rats. Group 1: X-ray 

non-irradiated control female rats (G1), while groups 2 and 3 received a single dose of 4 Gy (G2, 

G4) and 6 Gy (G3, G5) X-ray radiation using a linear accelerator. The animals in groups 4 and 5 

(G4, G5) were treated with ZnO-nano and vitamin C supplementation at 0.01 mg/kg/day (5 mg) 

of ZnO-nano and 0.4 mg/kg/day (180 mg) of vitamin C for 14 consecutive days, starting the day 

after irradiation. The results revealed that exposing rats to X-ray irradiation caused a decrease in 

interferon-alpha (IFN-a) levels in rats exposed to 4 Gy (G2) and 6 Gy (G3) of radiation. It also 

mailto:zainabm.algeubori@uokufa.edu.iq1
mailto:doaaf.aldabbag@uokufa.edu.iq2
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shows that both zinc oxide nanomaterials (ZnO-nano) and Vitamin C supplementation can 

provide radioprotective effects, and they work synergistically. Vitamin c Supplementation has 

been proven to protect against radiation-induced harm, while ZnO-nano can reduce oxidative 

stress and inflammation related to radiation. Combining dietary ZnO-nano with Vitamin C 

supplementation should undoubtedly enhance these protective effects, such as regulating IFN-a, 

which is involved in the immune response radiation. It can be concluded that ZnO-nano and 

Vitamin C supplementation should undoubtedly enhance protective effects, such as regulating 

IFN-a, which is involved in the immune response to radiation by combating free radical 

generation and boosting antioxidant defenses mechanisms. 

Keywords:   

ZNO, Vitamin C Supplementation, IFN-a, X-ray, Female Rats. 

 

Introduction 

Numerous functions of cytokines are especially pertinent to research on radiation. 

Proinflammatory cytokines are the main components of immediate early gene responses and can 

be rapidly activated following tissue irradiation. They both produce loose radicals, such as reactive 

oxygen and nitrogen species (ROS/RNS), which is how they converge with the effects of 

ionizing radiation. “Self” molecules secreted or released from cells after irradiation feed the 

identical paradigm by way of signaling for ROS and cytokine production. As a result, 
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multilayered feedback manage circuits can be generated that perpetuate the radiation tissue 

damage reaction. The seasoned-inflammatory phase lasts until situations that are thought to be 

demanding on host integrity are eliminated. Antioxidant, anti-inflammatory cytokines then act to 

repair homeostasis. (Nasiri, 2023)  

A glycoprotein called IFN-a  is produced by peripheral blood B-lymphocytes. It contains antiviral 

and antiproliferative properties and, for this reason anti-tumor effect. It has modulating results on 

the immunological system. (Salkowski et al., 1995) (Dawood, 2021). IFN is usually well tolerated 

and results in long-lasting complete cytogenetic responses as a treatment for hematological relapse 

following BMT (Lee Chung, 2017).   

Nanotechnology has been advanced in lots of areas over the past a long time, one of the 

maximum important regions of this technology is nanomaterial area, which performs a vital 

position in biomedical applications (Ramos, Cruz, Tovani, & Ciancaglini, 2017). Zinc oxide 

nanoparticles (ZnO-nano) are highly utilized materials in biomedical applications due to their 

ability to penetrate barriers and target cells effectively in various dis Zinc oxide nanoparticles 

(ZnO-nano) are highly utilized materials in biomedical applications due to their ability to 

penetrate barriers and target cells effectively in various diseases (Sharma, 2019) . 

Vitamin C Supplementation is a water-soluble compound used as widely as possible to consist of 

beauty, pharm cortical, and agricultural fields because of its biological antioxidant properties 

(Pehlivan, 2017) . 
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Early biochemical modifications, which occur during radiation risk or shortly after, had been 

notion to be answerable for most of the results of ionizing radiation in mammalian cells. The 

present work was carried out and devoted for studying the Zinc oxide nanoparticles (ZnO-nano) 

are highly utilized materials in biomedical applications due to their ability to penetrate barriers and 

target cells effectively in various diseases..ZnO-nano's effectiveness in reversing irradiation-

induced changes in IFN-a levels.  Furthermore, ZnO nanoparticles were prepared at the 

nanoscale for oral administration to female rats (Ali, Sari, Nowruzi, & Porzani, 2024). 

Material & Methods 

Animals 

Inbred of female rats (1–2 weeks old,  one 150 –157 g) procured from the animal breeding colony 

of the Faculty of Science – University of Kufa, Najaf, Iraq were acclimatized beneath preferred 

laboratory conditions for 1 week  prior to the experiment. Animals were housed in polycarbonic 

ate cages and maintained at room temperature below stand arid laboratory situations. Animals 

have been stored on everyday weight loss program and water advert libitum. This take a look at 

turned into completed after the approval of Institutional Ethics Committee (approval no. 17569). 

Irradiation of female rats  

Female rats have been housed in Perspex containers for the irradiation procedure. A total of 30 

rats had been exposed to complete-frame irradiation using X-rays. Of these, 12 female rats 

obtained an excessive dose of four Gy, whilst another 12 female rats obtained a dose of 6Gy. The 
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tactics took place at Amal Alhayat Hospital in Najaf and Alamal National Hospital for Cancer 

Management in Baghdad, the use of a linear accelerator (LINAC). The 4Gy organization's 

irradiation dose fee was three Gy/min, while the 6Gy group's was five Gy/min. Each female rats 

become uncovered to irradiation for 1.2mins. 

ZnO-nano and Vitamin C Supplementation Treatment  

Sky Spring Nanotechnology in Texas, USA, supplied the ZnO nano (white nanopowder, 

product properties: D50 10-30 nm, SSA 20-30 m²/g, product number: 8410DL, product 

properties: purity). 99.8%). Vitamin C supplement (meals supplement with sweeteners, lemon-

flavored, 180 mg per tablet) was changed to be purchased from Mer Avit; Merpharmagmbh 

Germany. An aggregate of five mg of ZnO-nano debris and one hundred eighty mg of Vitamin C 

supplementation was dissolved in deionized water at a volume of 1 L, and mixed using a magnetic 

stirrer (Hotplate Stirrer, Lab Tec, Italy) for 15 minutes at a stirring speed of 7 rpm. The rats have 

been administered this combination each day through oral gavage at doses of 0.01 mg/kg/day (5 

mg) of ZnO-nano and 0.4 mg/kg/day (one hundred eighty mg) of Vitamin C Supplementation 

for 14 consecutive days. The doses of ZnO-nano and Vitamin C supplementation were 

administered to the irradiated rats 24 hours after irradiation and were below the median lethal 

dose (LD50 > 5×10^3 mg/kg), with no signs or symptoms of toxicity observed (SAINI, 2020). 

 

. 



 

~ 216 ~ 
 
 

Experimental Design 

 (1L) for 14 days. Group three (G3, n All female rats were divided into five groups (n = 5). Group 

1 (G1, n = 6) served as the control group. Group 2 (G2, n = 6) consisted of female rats that were 

irradiated with a high dose of 4 Gy for whole-body irradiation and received daily 

supplementation of ZnO-nano and Vitamin C. 6) Additionally, this group consisted of female rats 

that were irradiated with a single dose of four Gy and received the same daily doses of ZnO-nano 

and Vitamin C for 14 days. Group four (G4, n = 6) included protected female rats that were 

irradiated with a high single dose of 6 Gy for whole-body irradiation. Finally, Group five (G5, n = 

6) was produced from female rats that had been irradiated with a single excessive dose of 6 Gy and 

received daily doses of ZnO-nano and Vitamin C supplementation for 14 days, as shown in 

Fig(1). 

Fig (1). Show female rats that had been irradiated with a high unmarried dose stage of four Gy and 

6Gy for complete-body publicity the use of X-rays from a linear accelerator (LINAC). 

 

Preparation of Samples 

All female rats in the experimental groups have been injected with ketamine and xylazine at doses 

of 90 mg/kg and 10 mg/kg, respectively, as recommended in the study by Kumar and Clover on 

the intraperitoneal co-management of low-dose urethane with xylazine and ketamine for 

prolonged surgical anesthesia in female rats (Kumar & Clover, 2015) .These marketers have been 
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mixed with low-dose urethane to facilitate prolonged surgical anesthesia throughout the test. 

After collecting the blood, allow it to clot undisturbed at room temperature for about 15 minutes. 

Remove the clot using a centrifuge set at 2,000 rpm for 15 minutes. If any precipitates appear 

during storage, the sample must be centrifuged again. 

Immunological Investigation of Interferon-alpha (INF-α): TNF-α levels in serum from female 

rats were measured using the Rat Interferon Alpha (INF-α) ELISA Kit from SunLong Biotech 

Co., LTD (Hanley & Haydon, 1998). 

 

Statistical Analysis 

Statistical comparisons of the data were performed using the SPSS software. The results were 

analyzed with ANOVA followed by post hoc comparisons using Tukey's multiple comparisons 

test. The statistical values are presented as mean ± SD. Adjusted P values were set at P < .05. 

Results & Discussion 

 

Results 

Reduction in cytokine INF-alpha levels due to radiation exposure was observed in full-body 

female rats (G2, G3, and G5) irradiated with X-ray at 4 Gy and 6 Gy, with significant decreases in 

INF-alpha levels in G5 compared to controls (Table 1 & 2). Oral supplementation with ZnO-

nano and Vitamin C improved inflammatory factors considerably compared to the irradiated 



 

~ 218 ~ 
 
 

group, but their activity and levels still differed significantly from the control, as shown in table (2) 

and Fig (2). 

Presents the adjusted significant P value of INF-a levels in serum female rats set at (P= 0.0347< 

.05*) for (G4) (Dose 4Gy + ZnO-NPs and Vit.C) compared to the control (G1), and also shows 

that the adjusted P values are (ns) for INF-a levels in serum female rats groups (G2, G3, & G5) 

compared to the control (G1), as shown in Table (2) and Fig. (2). 

 

Table 1: Mean ± SD are shown for Control (G1), Dose 4 Gy (G2), Dose 6 Gy (G3), Dose 4 Gy + 

Nano-ZnO and Vit-C (G4), and Dose 6 Gy + Nano-ZnO and Vit-C (G5).  

 

 

Groups Mean ± SD 

Control (G1) 7.79± 4.98 

Dose 4G(G2) 6.33 ± 2.49 

Dose 6G(G3) 3.66 ± 0.9 

Dose 4G + Nano Zn and Vit C(G4) 2.85 ± 1.01 

Dose 6G + Nano Zn and Vit C(G5) 5.05 ± 2.22 
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Fig(2): Shows the effect of ZnO-nano and Vitamin C 

supplementation on IFN-α levels in serum of female rats 

across various groups. Results are expressed as Mean ± 

SD (n = 5). P = 0.0347< .05*for (G4) (Dose 4Gy + 

ZnO-NPs and Vit.C) compared to control (G1). The 

adjusted P values are non-significant (ns) for INF-α levels in serum across groups (G2, G3, G5) 

compared to control (G1). 

 

Table 2: Presents the adjusted P value of INF-alpha levels in serum of female rats set at (P < .05*), 

for groups G1, G2, G3, G4, and G5. The results show significance for the following comparisons: 

G1 vs G2 (ns), G1 vs G3 (ns), G1 vs G5 (ns), and a highly significant difference between G1 and 

G4 at (P ≤) .05). 
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Tukey's multiple comparisons test Summary 

Adjusted 

P Value 

Control vs. Dose 4 Gy ns 0.8851 

Control vs. Dose 6 Gy ns 0.1006 

Control vs. Dose 4 Gy + ZnO-NPs and Vit. C * 0.0347 

Control vs. Dose 6 Gy + ZnO-NPs and Vit. C ns 0.4382 

Dose 4 Gy vs. Dose 6 Gy ns 0.4151 

Dose 4 Gy vs. Dose 4 Gy + ZnO-NPs and 

Vit. C ns 0.1803 

Dose 4 Gy vs. Dose 6 Gy + ZnO-NPs and 

Vit. C ns 0.9150 

Dose 6 Gy vs. Dose 4 Gy + ZnO-NPs and 

Vit. C ns 0.9832 

Dose 6 Gy vs. Dose 6 Gy + ZnO-NPs and 

Vit. C ns 0.8843 

Dose 4 Gy + ZnO-NPs and Vit. C vs. Dose 6 

Gy + ZnO-NPs and Vit. C ns 0.5990 



 

~ 221 ~ 
 
 

Discussion 

Radiation can affect a wide range of tissues, especially those with high rates of cell division, 

leading to infection and necrosis as key factors in the damage caused by high doses of radiation 

(Stone, Coleman, Anscher, & McBride, 2003). Several physiological processes may also cause cell 

damage under irradiation, but the formation of oxygen free radicals following lipid peroxidation is 

likely a major part of this cascade of events. The reactive oxygen species (ROS) interact with 

cellular molecules, including DNA, lipids, and proteins(Juan, Pérez de la Lastra, Plou, & Pérez-

Lebeña, 2021) . 

The current paper clarifies that exposure to X-rays can result in decreased interferon-alpha (IFN-

α) levels in rats exposed to 4 Gy (G2) and 6 Gy (G3) of radiation, as well as changes in the 

physiological response volume to oral gavage of ZnO-nano and vitamin C supplementation in 

groups G4 (4 Gy) and G5 (6 Gy), probably due to radiation-induced immune system alterations. 

This decrease may be part of a broader spectrum of immune system changes, where high doses of 

ionizing radiation may lead to immunosuppressive outcomes. Ionizing radiation, including X-

rays, interacts with the immune system in complex ways, impacting various cells and soluble 

factors. (Al-Qabandi & Alshammary, 2022).  

IFN-α is a type of cytokine known for its role in modulating the immune system and inducing 

antiviral innate immune responses. It also plays a role in antitumor activity (Li, Liu, Zhou, & Su, 

2009), as well as in inflammation that can disrupt the normal functioning of the immune system, 

potentially leading to a decrease in IFN-α production (Ryff & Pestka, 2013). Low doses of 
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ionizing radiation may cause subtle changes in immune function, while higher doses are more 

likely to be immunosuppressive. (Rückert, Flohr, Hecht, & Gaipl, 2021). 

The effect of mixed ZnO-nano and Vitamin C supplementation on interferon-alpha (IFN-a) 

levels in female rats exposed to X-ray radiation has not been immediately studied. However, this 

research shows that both ZnO-nano and Vitamin C supplementation can provide radioprotective 

effects, and they work synergistically. Vitamin C has been proven to protect against radiation-

induced harm, while ZnO-nano can reduce oxidative stress and inflammation associated with 

radiation. Co-administration of dietary ZnO-nano and Vitamin C supplementation should likely 

enhance these protective effects, such as the regulation of IFN-a, which is involved in the 

immune response to radiation. (Ali, Sari, Nowruzi, & Porzani, 2024) . 

 

Conclusion: 

From the results obtained, high-dose X-ray exposure can cause cell damage and infection, which 

could disrupt the regular functioning of the immune system, doubtlessly leading to a decrease in 

IFN-α production. Although there is no direct examination of diet ZnO-nano and Vitamin C 

supplementation on IFN-α levels after X-ray radiation, this paper suggests that their combined 

use may offer significant radioprotective benefits. This is likely due to the individual antioxidant 

and anti-inflammatory properties of both substances, and possibly through synergistic interactions 

that impact the immune response, including IFN-α levels. 
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Abstract: 

    This study employed a Bayesian estimation of the shape parameter (ϑ) of the Lomax 

distribution (also known as Pareto Type II) under a revised version of the singularly censored 

sample method-firstly,using non-informative prior and secondly,using an informative prior 

[Quasi and Exponential];where three different loss functions [Quadratic(QLF),Degroot 

(DLF), and Precautionary(PLF)]were used six simulation experiments were conducted at 

various sample sizes.The results from each trial were then compared using the mean squared 

error[M.S.E.] criterion. 

1.Introduction:  

    In many different circumstances, the Lomax (1954)[12]. A Pareto distribution of type II, also 

called Lomax, was originally developed for the statistical modeling of commercial failures. 

However, it has evolved to model reliability, life-testing, and in the medical field, as well as the 

size distribution of files stored on server computers. The Lomax distribution has proved useful for 

mailto:Email_muslim.abed@yahoo.com
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developing new classes of distributions and for being the basis of many generalizations that involve 

adding parameters to a well-established class of distributions,[11]. D.K. Dey estimated the Lomax 

distribution's parameters and reliability function (complex life) from complete and type (II) 

censored samples in (1992)[6]. In 2002, Hatem A.Howlader applied Lindlley's theory to Bayesian 

estimate of the survival function Lomax distribution[8]. In (2011), Panahi.A.computed the (stress-

strength),parameter p(y<x), where y and x are independent and both have a Lomax 

distribution.[14].In (2015),Dr. Nadia AL-Noor looked into an evaluation on (Lomax) the 

estimation of parameters by employing various methods of Bayesian analysis and non-Bayesian 

estimation techniques such as non-Bayesian Maximum Likelihood Estimation (MLE)[1]. Also, an 

opportunity was afforded through this paper to implement a parametric estimation procedure on 

the shape (𝜗) of the Lomax distribution, assuming that the scale parameter (𝛽) was known and 

equal to 2. As such, the following presents the results of the analysis conducted.  

   The objective of the study. Here the Bayes approach was utilized to obtain the shape 

parameter(ϑ),for the Lomax probability distribution; through [Quadratic 

(QLF),Degroot(DLF),precautionary(PLF)]loss functions with Priors:[Quasi and 

Exponential] functions and used the mean square error or (MSE) to determine which prior 

function performed best with respect to the loss function yielded by the simulations used to obtain 

an optimal estimate for the shape estimator(ϑ), for the Lomax distribution(L.D).  

2.Aim of research: 
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   The goal of this study is to identify a superior estimator based on the mean square 

error(M.S.E.)criterion, for the shape parameter (ϑ) of the Lomax distribution (L.D.), with two 

different prior functions and three different loss functions, using Type (II) censoring data. 

3.Defintion of the distribution: 

   A vital lifetime distribution in survival analysis is the Lomax distribution which was first 

identified and described by Lomax in 1954[3]. The cumulative of this distribution (CDF) from an 

experiential perspective was published by[7]: Ƒ(𝑥; 𝜗, 𝛽) = 1 − (1 + 𝑥

𝛽
)
−𝜗⁡⁡⁡

 

Afterwards, the probability density function (PDF) is: 

 ƒ(𝑥; 𝜗, 𝛽) = 𝜗

𝛽
(1 +

𝑥

𝛽
)−(𝜗+1)⁡⁡⁡⁡⁡⁡,⁡⁡⁡⁡⁡𝑥 > 0⁡⁡𝑎𝑛𝑑⁡⁡𝜗, 𝛽 > 0 

Where is : (ϑ,β) are the shape and scale parameters respectively . 

❖ The characteristics of the Lomax (Pareto type II)distribution [12]: 

           Here are several Lomax distribution(L.D),characteristics accordingly: 

▪ Mean =⁡ 𝛽
ϑ−1

⁡⁡⁡⁡⁡ , ϑ > 1 

▪ Median =⁡𝛽(√2ϑ
− 1)     

▪ variance → 𝑉(𝑋) =⁡ ϑ𝛽2

(ϑ−1)2(ϑ−2)⁡
⁡⁡⁡ , ϑ⁡ > 2 

▪ Mode = 0 

▪ Standard deviation  = √ϑ𝛽

(ϑ−1)√(ϑ−2)
⁡⁡⁡⁡⁡ , ϑ > 2  
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▪ Skewnes = 2(1+ϑ)
(ϑ−3)

√
ϑ−2

ϑ
⁡⁡⁡⁡ , ϑ > 3 

 

▪ Kurtosis = 6(ϑ
3+ϑ2−6ϑ−2)

ϑ(ϑ−3)(ϑ−4)
⁡⁡⁡⁡ , ϑ > 4 

▪ Coefficient of variance = √1 − ϑ

2
⁡⁡⁡⁡⁡ , ϑ ≤ 2    

Simulating the scale parameter⁡(𝛽), in this study is recognized equal to(2).So the (PDF) and 

(CDF), respectively: 

ƒ(𝑥; 𝜗) =
𝜗

2
(1 +

𝑥

2
)−(𝜗+1)⁡⁡⁡⁡⁡⁡,⁡⁡⁡⁡⁡𝑥 > 0⁡⁡𝑎𝑛𝑑⁡⁡𝜗 > 0⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (1) 

Ƒ(𝑥; 𝜗) = 1 − (1 +
𝑥

2
)
−𝜗⁡⁡⁡

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (2) 

4.Censored samples [10]: 

     There are some conditional limits on the number of samples we are able to test through life 

testing that would be impractical to do. Some of these limits could include monetary costs or 

sample quantity, meaning that we will either have to limit how much we spend during life testing 

or limit how many samples we test.. 

4.1. Singly type (II) censored samples [4]: 

   In cases where there are (n) units to be censored and we desire to censor (r) of those (n) units, 

such that(r < n),we will need to stop the testing to obtain the censoring of (r) units. The reason 
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being is that a random variable cannot be formed. The following is the(LF),Likelihood function 

for this one kind of samples accordingly 

⁡𝐿𝐻(𝜗|𝑥) = (
𝑛!

(𝑛 − 𝑟)!
) . (1 − Ƒ(𝑥𝑟))

(𝑛−𝑟)
⁡. ∏ ƒ(𝑥𝑖 , 𝜗)

𝑟

(𝑖=1)

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…… (3) 

Such as :     0 < 𝑥(1) < 𝑥(2) < 𝑥(3)… < 𝑥(𝑟) < ⋯ < 𝑥(𝑛−1) < 𝑥(𝑛). 

5.Standard Bayesian estimation: 

   So be it,  𝑥(1),⁡𝑥(2),…,⁡𝑥(n)  iid. , ƒ(𝑥;⁡𝜗), the posterior density allows you to revise your beliefs 

concerning the unknown parameter, (ϑ). In Bayesian methodology, the density for each data 

observation is treated as if it were a conditional density associated with the posterior. Due to 

calculating the posterior density we can update our beliefs related to the parameter (ϑ). The 

Bayesian perspective on each observation observed data contain the density as a conditional 

density. [9] as:⁡⁡⁡⁡φ(𝜗|𝑥) = ⁡ 𝐿𝐻⁡(𝑥|𝜗)𝑔(𝜗)

∫ 𝐿𝐻(𝑥|𝜗)⁡𝑔(𝜗)⁡𝑑𝜗
∞

0

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…… (4)⁡ 

  Such as :⁡𝐿𝐻⁡(𝑥|𝜗), is the probability of a density function, and 𝑔(𝜗) is the function that stands 

before a shape parameter (𝜗).  

6.The loss function[18]: 

  A loss function 𝐿(𝜗̂, 𝜗)represents losses incurred when we estimate the parameter (𝜗) by 𝜗̂.  

The loss functions using in this research as:   

6.1.Quadratic- loss function(QLF) [16]: 

Which is type is symmetric as provided by: 
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⁡𝐿(𝜗̂, 𝜗) = (
𝜗̂ − 𝜗

𝜗
)

2

 

 And estimate to the parameter using Bayesian methods (𝜗) as :  

𝜗̂𝑞 =
𝐸(𝜗−1|𝑥)

𝐸(𝜗−2|𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (5) 

6.2.Degroot- loss function(DLF)[15]:  

Given that it is of the asymmetric type: 

L(𝜗̂, 𝜗) = (
𝜗−𝜗̂

𝜗̂
)
2

  

 Then one that uses Bayes to estimate parameter⁡(𝜗) as :     𝜗̂𝐷 =

𝐸(𝜗2|𝑥)

𝐸(𝜗|𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…… (6)                                                                                            

6.3.Precautionary -loss function(PLF)[13]:   

Additionally, that asymmetric kind is provided by: 

⁡𝐿(𝜗̂, 𝜗) = ⁡
(𝜗−𝜗̂)

2

𝜗̂
⁡  

So the Bayesian approach of estimating parameter (𝜗) as:  

𝜗̂𝑃 = √𝐸(𝜗
2|𝑥)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…… (7) 

7. Bayes analysis with a single type 2 sample with censoring: 

 For this kind of data, a likelihood function(LF),given by equation(3), may be found as :  

❖ ⁡(1 − Ƒ(𝑥𝑟))
(𝑛−𝑟)     , by eq.(2) we get :                                                                                                                                                                                                          

⁡(1 − Ƒ(𝑥𝑟))
(𝑛−𝑟)

=⁡ [1 − [1 − (1 +
𝑥𝑟

2
)−𝜗]]

(𝑛−𝑟)

⁡= ⁡ [(1 +
𝑥𝑟

2
)−𝜗]

(𝑛−𝑟)
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    = (1 + 𝑥𝑟

2
)−𝜗(𝑛−𝑟)  = 𝑒−𝜗(𝑛−𝑟)ln⁡(1+

𝑥𝑟
2
) 

∴ ⁡ (1 − Ƒ(𝑥𝑟))
(𝑛−𝑟)

= 𝑒−𝜗
(𝑛−𝑟)ln⁡(1+

𝑥𝑟
2
)                                                      … …(8) 

Now to find   ∏ ƒ(𝑥𝑖⁡
𝑟
𝑖=1 , 𝜗) , by eq.(1) we get:  

❖ ∏ ƒ(𝑥𝑖⁡
𝑟
𝑖=1 , 𝜗) = ∏ [𝜗

2
⁡(1 + 𝑥𝑖

2
)−(𝜗+1)]𝑟

(𝑖=1)   

              =⁡𝜗
𝑟

2𝑟
⁡∏ (1 +

𝑥𝑖

2
)−(𝜗+1)𝑟

(𝑖=1) ⁡=
𝜗𝑟

2𝑟
⁡∏ 𝑒−

(𝜗+1)ln⁡(1+
𝑥𝑖
2
)𝑟

(𝑖=1)  

             =𝜗
𝑟

2𝑟
𝑒−(𝜗+1)

∑ ln⁡(1+
𝑥𝑖
2
)𝑟

𝑖=1 =
𝜗𝑟

2𝑟
𝑒−𝜗

∑ ln⁡(1+
𝑥𝑖
2
)𝑟

𝑖=1 𝑒−
∑ ln⁡(1+

𝑥𝑖
2
)𝑟

𝑖=1 ⁡⁡⁡ 

      ⁡⁡⁡⁡∴ ⁡∏ ƒ(𝑥𝑖⁡
𝑟
(𝑖=1) , 𝜗) = ⁡

𝑒−𝛹1(𝑥)

2𝑟
⁡𝜗𝑟𝑒−𝜗𝛹1(𝑥)⁡                                            ……(9) 

 Such that:   𝛹1(𝑥) = ∑ ln⁡(1 +
𝑥𝑖

2
)𝑟

𝑖=1 ⁡    

Substitute equations (8) and (9) in equation (3) we get: 

𝐿𝐻(𝜗 𝑥⁄ ) = ⁡
𝑛!

(𝑛−𝑟)!
⁡𝑒−𝜗

(𝑛−𝑟)ln⁡(1+
𝑥𝑟
2
) ⁡
𝑒−𝛹1(𝑥)

2𝑟
⁡𝜗𝑟𝑒−𝜗𝛹1(𝑥)   

              =⁡ 𝑛!

(𝑛−𝑟)!
⁡
𝑒𝛹1(𝑥)

2𝑟
⁡𝜗𝑟 ⁡𝑒

−𝜗[(𝑛−𝑟)𝑙𝑛(1+
𝑥𝑟
2
)+𝛹1(𝑥)] 

∴ ⁡𝐿𝐻(𝜗 𝑥⁄ ) = 𝛹2(𝑥)⁡⁡𝜗
𝑟 ⁡𝑒−𝜗𝛹3(𝑥)                                                             ……(10)  

where:  𝛹2(𝑥) =
𝑛!⁡

(𝑛−𝑟)!
⁡
𝑒−𝛹1(𝑥)

2𝑟
⁡ 

  And      𝛹3(𝑥) = ((𝑛 − 𝑟)𝑙𝑛 (1 +
𝑥𝑟

2
) + 𝛹1(𝑥))                                                                                   

7.1.The Quasi-Prior posterior distribution[17]: 
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The definition of the quasi-prior is: 

⁡⁡⁡⁡⁡⁡⁡⁡𝑔(𝜗) =
1

𝜗𝑡
⁡ ; ⁡⁡⁡⁡⁡⁡⁡𝜗 > 0,⁡⁡⁡𝑡 > 0⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (11)⁡ 

By equations(10)and(11)are substituted in equation(4)to obtain a posterior distribution with quasi-

prior. 

φ𝑠𝑄(𝜗|𝑥⁡) = ⁡
𝛹2(𝑥)⁡⁡⁡𝜗

𝑟−𝑡⁡⁡𝑒−𝜗𝛹3(𝑥)

∫ 𝛹2(𝑥)⁡⁡⁡𝜗
𝑟−𝑡⁡⁡𝑒−𝜗𝛹3(𝑥)𝑑𝜗

∞

0

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡         

=⁡𝜗
𝑟−𝑡⁡⁡𝑒−𝜗𝛹3(𝑥)

𝛤(𝑟−𝑡+1)

(𝛹3(𝑥))
𝑟−𝑡+1

   ,   ∴ φ𝑠𝑄(𝜗|𝑥⁡) =
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡𝜃𝑟−𝑡⁡⁡𝑒−𝜗⁡𝛹3(𝑥) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡……⁡⁡(12 )      

Where : φ𝑠𝑄(𝜗|𝑥⁡)⁡~⁡𝐺𝑎𝑚𝑚. [𝑟 − 𝑡 + 1⁡, 𝛹3(𝑥)]    

All Bayes estimator to a shape parameter (ϑ), utilizing the three unlike functions of loss is 

expressed as follows: 

7.1.1.Quadratic-loss function(QLF):  

From equation(5); estimate using Bayes for (𝜗)⁡given⁡by (𝜗̂𝑄𝑄𝑆), can be obtain as follows:   

        𝐸(𝜗−1|𝑥) = ⁡∫ 𝜗−1
∞

0
⁡φ𝑠𝑄(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …⁡… (13)      

   Substitute the equations (12) in equation (13), we get: 

⁡⁡⁡𝐸(𝜗−1|𝑥⁡) =∫ 𝜗−1 ⁡
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡𝜗𝑟−𝑡⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
 ∫ ⁡𝜗𝑟−𝑡−1⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡
∞

0
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=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟 − 𝑡 + 1)
⁡⁡
Γ(𝑟 − 𝑡)

(𝛹3(𝑥))
𝑟−𝑡

⁡=
𝛹3(𝑥)

(𝑟 − 𝑡)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (14) 

   𝐴𝑛𝑑⁡⁡⁡⁡⁡⁡⁡𝐸(𝜗−2|𝑥) = ⁡∫ 𝜗−2
∞

0
⁡φ𝑠𝑄(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (15) 

 Substitute the equations (12) in equation (15), we get: 

⁡⁡⁡𝐸(𝜗−1|𝑥⁡) =∫ 𝜗−2 ⁡
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡𝜗𝑟−𝑡⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡ 

⁡⁡=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
∫ ⁡𝜗𝑟−𝑡−2⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡
∞

0
             

=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟 − 𝑡 + 1)
⁡⁡
Γ(𝑟 − 𝑡 − 1)

(𝛹3(𝑥))
𝑟−𝑡−1

⁡=
(𝛹3(𝑥))

2

(𝑟 − 𝑡)(𝑟 − 𝑡 − 1)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (16) 

 Then by equations (14 and 16 ); Here is the formula to the Bayes estimator of a shape parameter 

(𝜗): 

⁡⁡⁡⁡∴ 𝜗̂𝑄𝑄𝑆 =
𝐸(𝜗−1|𝑥⁡)

𝐸(𝜗−2|𝑥⁡)
=⁡

𝑟−𝑡−1

𝛹3(𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (⁡17⁡)  

7.1.2.Degroot-loss function(DLF):  

 According to equation(6);estimate using Bayes for⁡(𝜗)⁡given⁡by (𝜗̂𝐷𝑄𝑆), can be obtain as follows:   

        𝐸(𝜗2|𝑥) = ⁡∫ 𝜗2
∞

0
⁡φ𝑠𝑄(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …⁡… (18)      

   Substitute the equations (12) in equation (18), we get: 

⁡⁡⁡𝐸(𝜗2|𝑥⁡) =∫ 𝜗2 ⁡
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡𝜗𝑟−𝑡⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
 ∫ ⁡𝜗𝑟−𝑡+2⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡
∞

0
    



 

~ 236 ~ 
 
 

  = (𝛹3(𝑥))
𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡⁡

Γ(𝑟−𝑡+3)

(𝛹3(𝑥))
𝑟−𝑡+3

⁡=
(𝑟−𝑡+2)(𝑟−𝑡+1)

(𝛹3(𝑥))
2

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…… (19) 

   𝐴𝑛𝑑⁡⁡⁡⁡⁡⁡⁡𝐸(𝜗|𝑥) = ⁡∫ 𝜗
∞

0
⁡φ𝑠𝑄(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (20) 

 Substitute the equations (12) in equation (20), we get: 

⁡⁡⁡𝐸(𝜗|𝑥⁡) =∫ 𝜗⁡
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡𝜗𝑟−𝑡⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡ 

⁡⁡=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
∫ ⁡𝜗𝑟−𝑡+1⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡
∞

0
             

=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟 − 𝑡 + 1)
⁡⁡
Γ(𝑟 − 𝑡 + 2)

(𝛹3(𝑥))
𝑟−𝑡+2

⁡=
(𝑟 − 𝑡 + 1)

𝛹3(𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (21) 

 By equations (19 and 21); then provide the following to the Bayes estimated of a shape parameter 

(ϑ) as: 

⁡⁡⁡⁡∴ 𝜗̂𝐷𝑄𝑆 =
𝐸(𝜗2|𝑋⁡)

𝐸(𝜗|𝑋⁡)
=⁡

𝑟−𝑡+2

(𝛹3(𝑥))
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (⁡22⁡)  

7.1.3.Precautionary-loss function(PLF):  

 Using the equation(7), estimate using Bayes for⁡(𝜗)⁡given⁡by (𝜗̂𝑃𝑄𝑆), can be obtain as follows:    

        𝐸(𝜗2|𝑥) = ⁡∫ 𝜗2
∞

0
⁡φ𝑠𝑄(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …⁡… (23)      

   Substitute the equations (12) in equation (23), we get: 

⁡⁡⁡𝐸(𝜗2|𝑥⁡) =∫ 𝜗2 ⁡
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
⁡𝜗𝑟−𝑡⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟−𝑡+1)
 ∫ ⁡𝜗𝑟−𝑡+2⁡⁡𝑒−𝜗⁡𝛹3(𝑥)⁡⁡𝑑𝜗⁡
∞

0
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=
(𝛹3(𝑥))

𝑟−𝑡+1⁡

𝛤(𝑟 − 𝑡 + 1)
⁡⁡
Γ(𝑟 − 𝑡 + 3)

(𝛹3(𝑥))
𝑟−𝑡+3

⁡=
(𝑟 − 𝑡 + 2)(𝑟 − 𝑡 + 1)

(𝛹3(𝑥))
2

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (24) 

 By equation(24);then provide the following to the Bayes estimated of a shape parameter (ϑ) as: 

⁡⁡⁡⁡∴ 𝜗̂𝑃𝑄𝑆 = √𝐸(𝜗
2|𝑥) = (

(𝑟−𝑡+2)(𝑟−𝑡+1)

(𝛹3(𝑥))
2 )

1

2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (⁡25⁡)  

7.2. The Exponential-Prior posterior distribution [2]: 

  The previous exponential is defined as: 

𝑔(𝜗) = 𝜇𝑒−𝜇𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜇⁡, 𝜗 > 0⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (26) 

By equations(10)and(26)are substituted in equation(4)to obtain a posterior distribution with 

Exponential -prior. 

φ𝑠𝐸(𝜗|𝑥⁡) = ⁡
𝜇𝛹2(𝑥)⁡⁡⁡𝜗

𝑟⁡⁡𝑒−𝜗(𝜇+𝛹3(𝑥))

∫ 𝜇𝛹2(𝑥)⁡⁡⁡𝜗
𝑟⁡⁡𝑒−𝜗(𝜇+𝛹3(𝑥))𝑑𝜗

∞

0

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡     

                 =𝜗
𝑟⁡⁡𝑒−𝜗(𝜇+𝛹3(𝑥))

𝛤(𝑟+1)

(𝜇+𝛹3(𝑥))
𝑟+1

              ⁡ 

∴ φ𝑠𝐸(𝜗|𝑥⁡) =
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
⁡𝜗𝑟 ⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥)) ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡……⁡(⁡27 ) 

Such that : φ𝑠𝐸(𝜗|𝑥⁡)⁡~⁡𝐺𝑎𝑚𝑚⁡[𝑟 + 1⁡, 𝜇 +⁡𝛹3(𝑥)]    

All Bayes estimator to a shape parameter (ϑ), utilizing the three unlike functions of loss is 

expressed as follows:  

7.2.1.Quadratic-loss function(QLF):  

  From equation(5);estimate using Bayes for⁡(𝜗)⁡given⁡by (𝜗̂𝑄𝐸𝑆), can be obtain as follows:   
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        𝐸(𝜗−1|𝑥) = ⁡∫ 𝜗−1
∞

0
⁡φ𝑠𝐸(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …⁡… (28)      

   Substitute the equations (27) in equation (28), we get: 

⁡⁡⁡𝐸(𝜗−1|𝑥⁡) =∫ 𝜗−1 ⁡
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
⁡𝜗𝑟 ⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
 ∫ ⁡𝜗𝑟−1⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡
∞

0
    

=
(𝜇 + 𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟 + 1)
⁡⁡

Γ(𝑟)

(𝜇 + 𝛹3(𝑥))
𝑟
⁡=

𝜇 + 𝛹3(𝑥)

𝑟
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (29) 

   𝐴𝑛𝑑⁡⁡⁡⁡⁡⁡⁡𝐸(𝜗−2|𝑥) = ⁡∫ 𝜗−2
∞

0
⁡φ𝑠𝐸(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (30) 

 Substitute the equations (27) in equation (30), we get: 

⁡⁡𝐸(𝜗−2|𝑥⁡) = ∫ 𝜗−2 ⁡
(𝜇 + 𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟 + 1)
⁡𝜗𝑟 ⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡

∞

0

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
 ∫ ⁡𝜗𝑟−2⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡
∞

0
    

=
(𝜇 + 𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟 + 1)
⁡⁡

Γ(𝑟 − 1)

(𝜇 + 𝛹3(𝑥))
𝑟−1

⁡=
(𝜇 + 𝛹3(𝑥))

2

𝑟(𝑟 − 1)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (31) 

Then by equations (29 and 31 ); Here is the formula to the Bayes estimator of a shape parameter 

(ϑ) as: 

⁡⁡⁡⁡∴ 𝜗̂𝑄𝐸𝑆 =
𝐸(𝜗−1|𝑥⁡)

𝐸(𝜗−2|𝑥⁡)
=⁡

𝑟−1

⁡𝜇+𝛹3(𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (⁡32⁡)   

7.2.2.Degroot-loss function(DLF):  

  From equation(6); estimate using Bayes for⁡(𝜗)⁡given⁡by (𝜗̂𝐷𝐸𝑆), can be obtain as follows:   
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        𝐸(𝜗2|𝑥) = ⁡∫ 𝜗2
∞

0
⁡φ𝑠𝐸(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …⁡… (33)      

   Substitute the equations (27) in equation (33), we get: 

⁡⁡⁡𝐸(𝜗2|𝑥⁡) =∫ 𝜗2 ⁡
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
⁡𝜗𝑟 ⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
 ∫ ⁡𝜗𝑟+2⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡
∞

0
    

  = (𝜇+𝛹3(𝑥))
𝑟+1⁡

𝛤(𝑟+1)
⁡⁡

Γ(𝑟+3)

(𝜇+𝛹3(𝑥))
𝑟+3
⁡=

(𝑟+2)(𝑟+1)

(𝜇+𝛹3(𝑥))
2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (34) 

   𝐴𝑛𝑑⁡⁡⁡⁡⁡⁡⁡𝐸(𝜗|𝑥) = ⁡∫ 𝜗
∞

0
⁡φ𝑠𝐸(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …… (35) 

 Substitute the equations (27) in equation (35), we get: 

⁡⁡⁡𝐸(𝜗|𝑥⁡) =∫ 𝜗⁡
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
⁡𝜗𝑟⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡ 

⁡⁡=
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
∫ ⁡𝜗𝑟+1⁡⁡𝑒−𝜗⁡(𝜇+𝛹3(𝑥))⁡⁡𝑑𝜗⁡
∞

0
             

=
(𝜇 + 𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟 + 1)
⁡⁡

Γ(𝑟 + 2)

(𝜇 + 𝛹3(𝑥))
𝑟+2

⁡=
(𝑟 + 1)

𝜇 + 𝛹3(𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (36) 

By equations (34and 36); then provide the following to the Bayes estimated of a shape parameter 

(ϑ) as: 

⁡⁡⁡⁡∴ 𝜗̂𝐷𝐸𝑆 =
𝐸(𝜗2|𝑥⁡)

𝐸(𝜗|𝑥⁡)
=⁡

𝑟+2

𝜇+𝛹3(𝑥)
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (⁡37)  

7.2.3.Precautionary-loss function(PLF):  

  Using the equation(7), estimate using Bayes for⁡(𝜗)⁡given⁡by (𝜗̂𝑃𝐸𝑆), can be obtain as follows:   

        𝐸(𝜗2|𝑥) = ⁡∫ 𝜗2
∞

0
⁡φ𝑠𝐸(𝜗|𝑥⁡)⁡𝑑𝜗⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ …⁡… (38)      
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   Substitute 

the equations 

(27) in equation (23), we get: 

⁡⁡⁡𝐸(𝜗2|𝑥⁡) =∫ 𝜗2 ⁡
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
⁡𝜗𝑟 ⁡⁡𝑒−𝜗(𝜇+⁡𝛹3(𝑥))⁡⁡𝑑𝜗⁡

∞

0
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡=
(𝜇+𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟+1)
 ∫ ⁡𝜗𝑟+2⁡⁡𝑒−𝜗⁡(𝜇+𝛹3(𝑥))⁡⁡𝑑𝜗⁡
∞

0
    

=
(𝜇 + 𝛹3(𝑥))

𝑟+1⁡

𝛤(𝑟 + 1)
⁡⁡

Γ(𝑟 + 3)

(𝜇 + 𝛹3(𝑥))
𝑟+3

⁡=
(𝑟 + 2)(𝑟 + 1)

(𝜇 + 𝛹3(𝑥))
2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (40) 

By equation(40);then provide the following to the Bayes estimated of a shape parameter (ϑ) as: 

⁡⁡⁡⁡∴ 𝜗̂𝑃𝐸𝑆 = √𝐸(𝜗
2|𝑥) = (

(𝑟+2)(𝑟+1)

(𝜇+𝛹3(𝑥))
2)

1

2
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…⁡… (⁡41)  

8. Discussion of Simulation:  

   To find the best estimator for the shape parameter (𝜗),of the Lomax distribution(L.D) ,using 

simulation techniques were used on different sample sizes (small n=15, medium n=65, and large 

n=100) in six experiments, where each experiment was repeated (T=1000), using (CDF), it is 

Equation (2), to generate different random values(Xi), V=F(Xi), with (V) being a random variable 

in the interval (0,1), Where:   xi= 2 [(1 − 𝑉)
−1

𝜗 − 1]⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡…… (42)    

Here, the Monte- Carlo method [5], was used to generate random data according to the values of 

(r=5,45and 95),and (t=1.5),and the default values used in Table (1) below.                       

Table1: The parameters, the initial settings (𝝑, 𝝁) 

𝝁 𝝑 The Exp. 
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Next, using (M.S.E.),their best estimation to a shape parameter (𝜗), is compared as follows: 

(MSE 𝜗̂) = 1
𝑇⁡
∑ (𝜗̂ − 𝜗)

2n
i=1                                                                       ……(43)        As an 

T=[1000], with(M.S.E.),to estimators using equations:(17),(22),(25),(32),(37) and (41), as seen in 

the tables below:  

 

Table2:(M.S.E.) to estimate(𝜗),⁡for L.D./ Exp.1 

Such that:  𝝑 = 𝟎. 𝟓⁡, 𝝁 = 𝟑 

3 0.5 1 

5 0.5 2 

3 1.5 3 

5 1.5 4 

3 2.5 5 

5 2.5 6 

The Best Quasi-prior. n , r 



 

~ 242 ~ 
 
 

 

 

 

 

 

 

 

 

 

Table3:(M.S.E.)to estimate(𝜗),⁡for L.D. / Ex.2 

Such that:  𝝑 = 𝟎. 𝟓⁡,

𝝁 = 𝟓 

 

 

Table4:(M.S.E.)to estimate(𝜗)⁡,⁡for L.D./ Exp.3 

Such that:  𝝑 = 𝟏. 𝟓⁡, 𝝁 = 𝟑 

𝑷𝑸 𝑫𝑸 𝑸𝑸 

𝑸𝑸 0.1344 0.1819 0.0639 15 , 5 

𝑸𝑸 0.0060 0.0063 0.0055 65 , 45 

𝑸𝑸, 𝑷𝑸 0.0025 0.0026 0.0025 100 , 95 

   
Exponential-prior. 

 
𝑷𝑬 𝑫𝑬 𝑸𝑬 

𝑸𝑬 1.4847 1.4991 1.1325 15 , 5 

𝑸𝑬 1.1160 1.1195 1.0986 65 , 45 

𝑸𝑬  0.9720 0.9795 0.9351 100 , 95 

The Best Quasi-prior. n , r 
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Table5:(M.S.E.)to estimate(𝜗), for L.D./ Exp.4 

𝑷𝑸 𝑫𝑸 𝑸𝑸 

𝑸𝑸 1.8138 2.2774 0.2006 15 , 5 

𝑸𝑸 0.7617 0.8067 0.0584 65 , 45 

𝑸𝑸⁡,𝑷𝑸 0.0233 0.0254 0.0233 100 , 95 

 
Exponential-prior. 

 
𝑷𝑬 𝑫𝑬 𝑸𝑬 

𝑸𝑬 2.0824 2.6098 0.3896 15 , 5 

𝑸𝑬 1.1485 1.1598 0.0929 65 , 45 

𝑸𝑬 0.8242 0.8555 0.0687 100 , 95 

The Best 
Quasi-prior. 

n , r 
𝑷𝑸 𝑫𝑸 𝑸𝑸 

𝑸𝑸 3.8328 3.4548 2.8965 15 , 5 

𝑸𝑸 1.4639 1.5596 1.0375 65 , 45 

𝑸𝑸 0.0671 0.0684 0.0659 100 , 95 

 
Exponential-prior. 

 
𝑷𝑬 𝑫𝑬 𝑸𝑬 

𝑷𝑬 0.0211 0.8950 0.5950 15 , 5 

𝑷𝑬 0.0458 0.2006 0.3816 65 , 45 



 

~ 244 ~ 
 
 

Such that:  𝝑 = 𝟏. 𝟓,

𝝁 = 𝟓 

 

 

 

 

 

 

 

 

Table6:(M.S.E.)to estimate (𝜗),⁡for L.D,/ Exp.5 

Such that:  𝝑 = 𝟐. 𝟓⁡, 𝝁 = 𝟑 

 

 

 

 

 

 

𝑷𝑬 0.0150 0.1377 0.1527 100 , 95 

The Best 
Quasi-prior. 

n , r 
𝑷𝑸 𝑫𝑸 𝑸𝑸 

𝑸𝑸 4.5598 2.6104 2.5635 15 , 5 

𝑸𝑸 1.7463 1.8283 1.3676 65 , 45 

𝑫𝑸⁡, 𝑷𝑸 0.0255 0.0255 0.0261 100 , 95 

 
Exponential-prior. 

 
𝑷𝑬 𝑫𝑬 𝑸𝑬 

𝑸𝑬⁡, 𝑷𝑬 0.0231 0.0648 0.0231 15 , 5 

𝑷𝑬 0.0199 0.0477 0.0294 65 , 45 

𝑷𝑬 0.0098 0.0261 0.0189 100 , 95 
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Table7:(M.S.E.)to estimate (𝜗),⁡for L.D./Exp.6 

Such that:  𝝑 = 𝟐. 𝟓⁡, 𝝁 = 𝟓 

 

The Best 
Quasi-prior. 

n , r 
𝑷𝑸 𝑫𝑸 𝑸𝑸 

𝑷𝑸 2.4951 3.0786 4.7742 15 , 5 

𝑷𝑸 1.7093 2.9341 3.6718 65 , 45 

𝑷𝑸 0.0705 0.0720 0.0781 100 , 95 

   
Exponential-prior. 

 
𝑷𝑬 𝑫𝑬 𝑸𝑬 



 

~ 246 ~ 
 
 

 

 

 

 

Where:  

𝑸𝑸: The loss function is Quadratic, with Quasi-prior. 

𝑫𝑸⁡: The loss function is Degroot, with Quasi-prior. 

𝑷𝑸: The loss function is precautionary, with Quasi-prior.  

𝑸𝑬: The loss function is Quadratic, with Exponential-prior. 

𝑫𝑬⁡: The loss function is Degroot, with Exponential-prior. 

𝑷𝑬: The loss function is precautionary, with Exponential-prior.  

 

9.Conclusions: 

    Results from Tables(2,3and4),for all three experiments(1,2 and 3),show that the Bayes estimator 

for shape parameter(ϑ) has a minimal mean square error (M.S.E.) when using a Quadratic loss 

function with a sample size of (n=15) and (n=65); however, when using (n=100) there is also a 

minimum mean square error using Quadratic and Precautionary loss functions. In Table (5), 

for experiment number (4),it appears that the optimal Bayes estimator based on a Quadratic and 

Precautionary loss functions is when (n=15), and under Precautionary (n=65) and (n=100). 

Tables (6 and 7), from Experiment (5) and Experiment (6), indicate that in general the optimal 

𝑷𝑬 1.2260 1.4068 1.5709 15 , 5 

𝑷𝑬 0.1696 0.2464 0.9935 65 , 45 

𝑷𝑬⁡ 0.0240 0.1350 0.7694 100 , 95 
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Bayes estimator for the shape parameter (ϑ) under type II single censoring will always be based on 

a Precautionary loss function, regardless of whether the sample size used for estimating the 

Bayes estimator is n=15, n=65, and n=100. 
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